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We investigate the problem of computing the reachable blocks of the simulation equivalence and its natural

counterpart for the simulation preorder, referred to as the reachable simulation problem. Through a theoret-

ical investigation of this problem, we unveil a sharp contrast with the already settled case of bisimulation

equivalence. Then, we design algorithms to solve the reachable simulation problem by leveraging the idea

of interleaving reachability and simulation computation while possibly avoiding the computation of all the

reachable states or the whole simulation preorder. Specifically, we propose algorithms achieving different

guarantees on the precision of the output, and a symbolic algorithm that operates on state partitions and
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1 Introduction
Given a possibly infinite labeled transition system S, we study the problem of computing the

reachable blocks of the simulation partition 𝑃sim on S, and the natural extension of this problem to

the simulation preorder 𝑅sim on S. Given a state 𝑥 , the upward closure of {𝑥} w.r.t. the relation
𝑅sim, i.e. the set 𝑅sim (𝑥) of states that simulate 𝑥 , is called the principal of 𝑥 (this term comes from

the well-known notion of principal ideal [Gratzer 2011, Chapter I, Section 3.4], detailed definitions

will be given in Section 3). Principals play the role of blocks when moving from partitions to

preorders, and therefore the second problem we investigate in this work is that of computing the

set of reachable principals of 𝑅sim. By reachable, we mean the principals 𝑅sim (𝑥) of the simulation

preorder (resp., blocks 𝑃sim (𝑥) of the simulation partition) that intersect the reachable states of S,
therefore ignoring unreachable principals and blocks, which are typically of no/negligible interest.

A naïve solution to this problem—that we call the reachable simulation problem—would be: first,

compute the simulation preorder (partition), and then, filter out the principals (blocks) containing

no reachable states. However, this would require the computation of the entire simulation preorder

and, possibly, of all the reachable states. Here, we present a completely different solution relying
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on a convoluted interleaving of reachability and simulation computation, possibly avoiding the

computation of all the reachable states and of the full simulation preorder relation 𝑅sim.

Contributions. In Section 4 we define the reachable simulation problem and show, through an

unsolvability proof (cf. Section 4.1), that there is stark contrast w.r.t. the problem of computing the

reachable blocks of the bisimulation partition, settled by Lee and Yannakakis [1992] in STOC 1992.

We also highlight that the reachable simulation problem is a more complex problem w.r.t. its

bisimulation counterpart, even in the case of finite transition systems, where both problems can be

solved. These insights allow us to show that the reachable simulation problem is a substantially

harder problem w.r.t. the one tackled by Lee and Yannakakis [1992].

In Section 5 we introduce our solution to the reachable simulation problem, by putting forward

an algorithm which computes the reachable part of the simulation preorder, and yields an over-

approximation for the partition. Let us remark that, since we show that the reachable simulation

problem is generally unsolvable, no general solution can be formulated, thus our algorithms are

not guaranteed to terminate on all input systems. We prove correctness and termination on finite

state systems, and extend correctness, under a simple assumption, to infinite state systems as well.

Moreover, we provide examples showing termination on some infinite state systems.

In Section 6 we discuss two different kind of approximation strategies that can be adopted in

solving the reachable simulation problem. We then introduce a second algorithm (cf. Section 6.3)

which adopts a different approximation approach w.r.t. the previous algorithm to obtain a more

precise characterization of the reachable simulation partition blocks. This algorithm, too, is proved

correct and terminating on finite systems, and correctness extends to infinite state systems under

an easy assumption.

Section 7 introduces the so-called 2PR triples, that is, a data structure suitable to represent

relations on infinite sets. 2PR triples are used in Section 8 to design a symbolic algorithm for

the reachable simulation problem. The symbolic algorithm comes with a region algebra-based

representation (cf. Section 8.1) which enables an effective implementation of the algorithm. Besides

inheriting the correctness guarantees of our first algorithm, we show that the 2PR-based algorithm

terminates faster and more often for infinite state systems. In particular, we prove that the 2PR-

based algorithm terminates on all systems having a finite bisimulation partition or when a local

finiteness condition is satisfied. These termination results come with a runtime upper bound which

is quadratic in the number of blocks of (a portion of) the bisimulation partition. The 2PR-based

algorithm is illustrated by examples showing its behaviour.

Applications. Computing reachable simulation principals and blocks has several practical appli-

cations. A noteworthy use case of the reachable principals of the simulation preorder is given by

the determinization algorithms Subset(𝑓 ) and Transset(𝑓 ) for nondeterministic finite automata

designed by van Glabbeek and Ploeger [2008]. Using the simulation preorder computationally

enhances these procedures (𝑓 is picked to account for the simulation preorder). In particular, only

the reachable principals are used, since the automaton determinization proceeds forward starting

from the initial states. It turns out that these simulation-based algorithms compute smaller deter-

ministic automata compared to their plain versions [van Glabbeek and Ploeger 2008]. In a different

context, the reachable blocks of the simulation partition define the states of the reduced quotiented

transition system. The question of computing the transitions between the blocks of the reduced

system has been investigated in depth by Bustan and Grumberg [2003], who explore the difference

and trade-off of the ∃∃ (i.e., 𝐵 �∃∃ 𝐵′
iff ∃𝑠 ∈ 𝐵. ∃𝑠′ ∈ 𝐵′ . 𝑠 � 𝑠′) and ∀∃ definitions (i.e., 𝐵 �∀∃ 𝐵′

iff ∀𝑠 ∈ 𝐵. ∃𝑠′ ∈ 𝐵′ . 𝑠 � 𝑠′).
Furthermore, solutions to the reachable simulation problem have potential applications in

program and hybrid systems verification, as past research [Gulavani et al. 2006; Majumdar et al.
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2020; Pasareanu et al. 2005; Yannakakis and Lee 1997] has leveraged solutions to the reachable

bisimulation problem.

Related Work. The closest work to ours is that by Lee and Yannakakis [1992], who first designed

a complex interleaving of reachability and bisimulation computation, here referred to as the LY

algorithm. Even though their work is highly cited, applied, and has been revisited several times

(e.g.,[Alur andHenzinger 1999; Fisler and Vardi 2002]), it remains an elaborate algorithmwith hidden

subtleties. Moreover, for some results claimed in the original paper [Lee and Yannakakis 1992], we

could not rediscover their proof arguments (either searching online, contacting authors, or trying

by ourselves). To put the LY algorithm in its historical context, it was one of several algorithms to

compute the reachable part of the bisimulation-based quotiented transition system [Bouajjani et al.

1991, 1992; Lee and Yannakakis 1992]. These algorithms share the interleaving of the bisimulation

computation—which is a partition refinement algorithm—with the computation determining block

reachability. Interleaving reachability and bisimulation computation is remarkably interesting

because the resulting algorithms terminate at least as often (and possibly more often) than the

naïve procedure consisting in first computing the bisimulation and next determining its reachable

blocks. Later on, Alur and Henzinger [1999] revisited these algorithms for reachable bisimulation

in their unpublished book on computer-aided verification [Alur and Henzinger 1999, Chapter 4],

as well as the theoretical and experimental comparison made by Fisler and Vardi [2002]. We also

mention that algorithms combining reachability and bisimulation computation inspired by the LY

algorithm have been used in several different contexts ranging from program analysis [Gulavani

et al. 2006; Pasareanu et al. 2005] to hybrid systems verification, where Majumdar et al. [2020]

employ a LY-like approach for language preserving minimization for controller design.

We focus on simulation since it provides a better state space reduction than bisimulation, while

retaining enough precision for checking all linear temporal logic formulas or branching temporal

logic formulas without quantifier switches [Bensalem et al. 1992; Bustan and Grumberg 2003; Clarke

et al. 2018; Grumberg and Long 1991, 1994; Loiseaux et al. 1995]. Moreover, infinite state systems

like 2D rectangular automata may have infinite bisimilarity quotients, yet they always have finite

similarity quotients (see [Henzinger et al. 1995; Henzinger and Kopke 1995]). There is a large body

of work [Bloom and Paige 1995; Cécé 2017; Crafa et al. 2011; Gentilini et al. 2003; Glabbeek and

Ploeger 2008; Henzinger et al. 1995; Ranzato 2013, 2014; Ranzato and Tapparo 2007, 2010; Tan

and Cleaveland 2001] on efficiently computing the simulation preorder, through both explicit or

symbolic algorithms. Kucera andMayr [2002a,b] compared simulation and bisimulation equivalence

using their computational complexity, and justified the claim that similarity is computationally

harder than bisimilarity.

To the best of our knowledge, no previous work considered the problem of computing the

reachable principals of the simulation preorder or the reachable blocks of the simulation partition.

This is an extended and revised version of the conference paper [Ganty et al. 2024].

2 Motivating Example
In this section, we provide an example introducing the challenges of the reachable simulation

problem. This example will then be used to give an intuitive explanation of our solution, and, later

on, to guide the reader through an execution of our algorithm.

Consider the family of infinite-state transition systems parameterized over an integer value 𝑘 ≥ 0,

as depicted in Figure 1. For every value 𝑘 , the set of states is Z ∪ {0′, . . . , 𝑘 ′}, and the transition

relation between states is given by the arrows as shown in the diagram of Figure 1. The initial state

is 0
′
, denoted by the incoming blue arrow. Consider the initial partition of states given by the three
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0 1
. . .

0
′ . . . 𝑘 ′

. . . −2 −1

Fig. 1. A parameterized infinite-state transition system.

blocks {𝑛 ∈ Z | 𝑛 < 0}, {𝑛 ∈ Z | 𝑛 ≥ 0} and {𝑛′ | 0 ≤ 𝑛 ≤ 𝑘}, depicted as solid boxes surrounding

the states.

The goal is that of computing the part of the simulation relation (with respect to the initial

partition) which involves reachable states in the system. More specifically, we want to compute

only the portion (i.e., pairs of states) of the simulation preorder which involves reachable states,

therefore possibly avoiding the computation of the whole relation.

Simulation Preorder. To illustrate the advantage of avoiding computations over unreachable

states, let us first analyze the simulation preorder 𝑅sim over the whole state space, as induced by the

initial partition. It turns out that each state 𝑛 ≥ 0 can be simulated by any other state identified by a

non-negative number, that is, each pair (𝑛,𝑚) such that 𝑛,𝑚 ≥ 0 belongs to the simulation preorder.

Moreover, each state 𝑛′ can be simulated by all the states𝑚′
such that 0 ≤ 𝑚 ≤ 𝑛 holds. That is,

each pair (𝑛′,𝑚′) where 0 ≤ 𝑚 ≤ 𝑛 ≤ 𝑘 holds, belongs to the simulation preorder. Additionally,

each state 𝑛 < −1 can be simulated by any other state𝑚 ≤ 𝑛, that is, each pair (𝑛,𝑚) such that

𝑚 ≤ 𝑛 < −1 holds, belongs to the simulation preorder. Finally, the state −1 can be simulated by

itself only, thus (−1,−1) is in the simulation preorder.

It is easily seen that computing the exact simulation preorder 𝑅sim through the usual iterative

relation refinement approaches—namely, starting from the initial partition and removing pairs not

contained in the simulation preorder via an unstability check, as will be illustrated by Algorithm 5

in Section 9—requires the removal of an infinite amount of pairs from the initial partition. In

particular, it would require updating the simulation information for an infinite amount of states,

meaning that any relation refinement procedure following this approach would not terminate. In

fact, each of the states 𝑛 < −1 needs to have its simulation information updated, since initially all

the negative states are candidate to simulate n (i.e., every pair (𝑛,𝑚), such that 𝑛,𝑚 ≤ −1 belongs
in the initial partition), but only those smaller than 𝑛 can actually simulate it (e.g., every pair (𝑛,𝑚)
such that −1 ≥ 𝑛 < 𝑚 is not in the simulation preorder and therefore needs to be removed from

the relation through a refinement).

Our Approach. Let us remark three observations about each transition system in this family

and their simulation equivalence classes, where the simulation equivalence class of any state 𝑥

is the set of states which can be simulated by exactly the same states as 𝑥 , that is, the classes

of the equivalence induced by the simulation preorder. (1) there are infinitely many reachable

states, namely, the states in {𝑛 ∈ Z | 𝑛 ≥ 0} ∪ {𝑛′ | 𝑛 ∈ Z, 0 ≤ 𝑛 ≤ 𝑘} are all reachable from the

initial state 0
′
; (2) there are infinitely many simulation equivalence classes, depicted by dotted lines

splitting the boxes of the initial partition; and (3) yet, there are finitely many simulation equivalence

classes that are reachable, i.e., finitely many dotted blocks in the diagram include reachable states.

In this work, we tackle the challenge of effectively computing information such as in (3), that

is, simulation equivalence blocks, and/or simulation information, for reachable states. Because

of points (1) and (2) we must rule out naïve solutions that would include a computation of all

the reachable states—a simple reachability computation will not terminate—or refining the initial
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partition up to the simulation preorder/partition—a simulation algorithm would not terminate

because the simulation partition is infinite.

We observe that, for each system in our family, each state 𝑛 ≥ 0 can be simulated by exactly the

states which are in its initial partition’s block, thus meaning that its simulation information does not

need to be refined. Moreover, let us notice that only a finite set of states, i.e. {𝑛′ | 𝑛 ∈ Z, 0 ≤ 𝑛 < 𝑘},
needs to have its simulation information updated w.r.t. the initial partition.

Intuitively, our reachable simulation algorithm can terminate on such inputs by interleaving a

partial exploration of the reachable state space and using that information to guide the refinement

process so as to execute finitely many relation refinements. More precisely, our algorithm will also

avoid the computation of the whole infinite set of reachable states by only exploring new states

which belong to not-yet-explored blocks of simulation equivalent states.

Following this intuition, we define algorithms alternating bounded state space exploration and

relation refinement, which can indeed effectively compute information such as (3), while avoiding

the pitfalls of computing all the reachable states or computing the full simulation partition.

Section 5.3 will show in detail a full run of our algorithm on this example.

3 Background
Orders and Partitions. Given a (possibly infinite) set Σ, we denote with ℘(Σ) the powerset

of Σ, and with Rel(Σ) ≜ ℘(Σ × Σ) the set of relations over Σ. If 𝑅 ∈ Rel(Σ) then: for 𝑆 ⊆ Σ,
𝑅(𝑆) ≜ {𝑠′ ∈ Σ | ∃𝑠 ∈ 𝑆. (𝑠, 𝑠′) ∈ 𝑅}; for 𝑠 ∈ Σ, the set 𝑅(𝑠) ≜ 𝑅({𝑠}) is the principal of
𝑠; 𝑅−1 ≜ {(𝑦, 𝑥) ∈ Σ × Σ | (𝑥,𝑦) ∈ 𝑅} is the converse relation of 𝑅. Moreover, for a given

set 𝑆 ⊆ Σ, we denote by 𝑅𝑆 ≜ {𝑅(𝑥) ∈ ℘(Σ) | 𝑥 ∈ Σ, 𝑅(𝑥) ∩ 𝑆 ≠ ∅} the set of principals

of 𝑅 that intersect 𝑆 . A relation 𝑅 ∈ Rel(Σ) is a preorder if it is reflexive and transitive, and

PreO(Σ) ≜ {𝑅 ∈ Rel(Σ) | 𝑅 is a preorder} denotes the set of preorders on Σ. Moreover, 𝑅 ∈ Rel(Σ)
is an equivalence on Σ if it is a symmetric preorder. A partition of Σ consists of pairwise disjoint

nonempty subsets of Σ, called blocks, whose union is Σ, and Part(Σ) denotes the set of partitions of
Σ. We consider finite partitions (i.e., consisting of finitely many blocks), unless otherwise specified.

It is well known that a partition defines an equivalence relation, and vice versa, where blocks of the

partition and equivalence classes coincide. Hence, given a partition 𝑃 ∈ Part(Σ), 𝑃 (𝑠), 𝑃 (𝑆) and 𝑃𝑆
(for 𝑆 ⊆ Σ, 𝑠 ∈ Σ) are well-defined thanks to the equivalence defined by 𝑃 . In particular, 𝑃 (𝑠) is the
block including 𝑠 , 𝑃 (𝑆) = ∪{𝑃 (𝑠) ∈ 𝑃 | 𝑠 ∈ 𝑆}, and 𝑃𝑆 = {𝑃 (𝑠) ∈ 𝑃 | 𝑠 ∈ 𝑆} ∈ Part(𝑃 (𝑆)). Given
two partitions 𝑃,𝑄 ∈ Part(Σ), 𝑃 is coarser than 𝑄 , denoted by 𝑄 ⪯ 𝑃 , if the equivalence relation

underlying 𝑄 is a subset of the underlying equivalence of 𝑃 .

Induced Partitions. More generally, any relation 𝑅 ∈ Rel(Σ) (not necessarily an equivalence or a

preorder) induces a partition of Σ defined as {𝑦 ∈ Σ | 𝑅(𝑦) = 𝑅(𝑥)}𝑥∈Σ. Two elements belong to the

same block of the induced partition if their image by 𝑅 coincide. This general definition of partition

induced by a relation has the following desirable properties. When 𝑅 is an equivalence relation

then the blocks of its induced partition coincide with the equivalence classes of 𝑅. Moreover, if 𝑅

is a preorder then the blocks of its induced partition coincide with the equivalence classes of the

equivalence relation 𝑅 ∩ 𝑅−1
. These induced partitions will be a key ingredient of our approach

and will be used throughout the paper.

Simulation and Bisimulation. Let𝐺 = (Σ, 𝐼 , 𝐿,�) be a (labeled) transition system (TS), where Σ is

a (possibly infinite yet countable) set of states, 𝐼 ⊆ Σ are the initial states, 𝐿 is a finite set of action

labels, and � ⊆ Σ× 𝐿 × Σ is the labeled transition relation, where we denote (𝑥, 𝑎,𝑦) ∈ � as 𝑥
𝑎→ 𝑦.

When 𝐿 is a singleton set or when the label is unimportant we simply write 𝑥 � 𝑦. This comes handy

in our examples where we assume 𝐿 is a singleton. Given 𝑎 ∈ 𝐿, post𝑎 : ℘(Σ) � ℘(Σ) denotes the

ACM Trans. Comput. Logic, Vol. 1, No. 1, Article 1. Publication date: January 2021.



1:6 Pierre Ganty, Nicolas Manini, and Francesco Ranzato

usual successor transformer post𝑎 (𝑋 ) ≜ {𝑦 ∈ Σ | ∃𝑥 ∈ 𝑋 . 𝑥
𝑎→ 𝑦}, and, dually, pre𝑎 : ℘(Σ) � ℘(Σ)

is the predecessor pre𝑎 (𝑌 ) ≜ {𝑥 ∈ Σ | ∃𝑦 ∈ 𝑌 . 𝑥
𝑎→ 𝑦}. Moreover, we define post : ℘(Σ) � ℘(Σ) as

post(𝑋 ) ≜ ∪𝑎∈𝐿 post𝑎 (𝑋 ) and, symmetrically, pre : ℘(Σ) � ℘(Σ) as pre(𝑋 ) ≜ ∪𝑎∈𝐿 pre𝑎 (𝑋 ). Thus,
post∗ (𝐼 ) ≜ ∪𝑛∈N post𝑛 (𝐼 ) is the set of reachable states.
Given an (initial) preorder 𝑅𝑖 ∈ PreO(Σ), a relation 𝑅 ∈ Rel(Σ) is a simulation on 𝐺 w.r.t. 𝑅𝑖

if: (1) 𝑅 ⊆ 𝑅𝑖 ; (2) (𝑠, 𝑡) ∈ 𝑅 and 𝑠
𝑎→ 𝑠′ imply ∃𝑡 ′ . 𝑡 𝑎→ 𝑡 ′ and (𝑠′, 𝑡 ′) ∈ 𝑅. Given two principals

𝑅(𝑠), 𝑅(𝑠′) such that 𝑠
𝑎→ 𝑠′, we define that 𝑅(𝑠) is 𝑎-stable (or simply stable) w.r.t. 𝑅(𝑠′) when

𝑅(𝑠) ⊆ pre𝑎 (𝑅(𝑠′)) holds, otherwise 𝑅(𝑠) is called 𝑎-unstable (or simply unstable) w.r.t. 𝑅(𝑠′), and,
in this case, 𝑅(𝑠′) can refine 𝑅(𝑠) to 𝑅(𝑠) ∩ pre𝑎 (𝑅(𝑠′)). As a consequence, point (2) in the above

simulation definition is equivalent to: (2
′
) for every transition 𝑠

𝑎→ 𝑠′ in 𝐺 , 𝑅(𝑠) is 𝑎-stable w.r.t.
𝑅(𝑠′). The greatest (w.r.t. ⊆) simulation relation on 𝐺 exists and turns out to be a preorder called

the simulation preorder of 𝐺 w.r.t. 𝑅𝑖 , denoted by 𝑅sim ∈ PreO(Σ). We denote by 𝑃sim ∈ Part(Σ) the
partition induced by 𝑅sim and call it the simulation partition (or similarity). Observe that since 𝑅sim
is a preorder, we have that 𝑃sim ∈ Part(Σ) coincides with the equivalence classes of the similarity

equivalence 𝑅sim ∩ (𝑅sim)−1. A relation 𝑅 ∈ Rel(Σ) is a bisimulation on𝐺 w.r.t. an (initial) partition

𝑃𝑖 ∈ Part(Σ) if both 𝑅 and 𝑅−1
are simulations on 𝐺 w.r.t. 𝑃𝑖 . The greatest (w.r.t. ⊆) bisimulation

relation on 𝐺 w.r.t. 𝑃𝑖 exists, and turns out to be an equivalence called bisimulation equivalence (or
bisimilarity), denoted by 𝑅bis. The partition 𝑃bis ∈ Part(Σ) induced by 𝑅bis is called the bisimulation
partition.

On the Initial Preorder. We point out that the role of an initial preorder 𝑅𝑖 is that of having some

a priori simulation information, e.g., accepting states in a finite state automaton simulate non-

accepting ones but not the other way around [van Glabbeek and Ploeger 2008]. For the bisimulation

case, such a priori information is conveyed by an equivalence—e.g. specified via a labelling over the

state space like in Kripke structures—and the natural generalization of the initial equivalence to the

simulation case is an initial preorder. Nevertheless, as mentioned above, an equivalence relation

can be used as 𝑅𝑖 too, since it is a particular case of a preorder relation.

4 The Problem of Computing Reachable Simulations
We define the problem investigated in this work, which extends in a natural way the reachable

bisimulation problem tackled by Lee and Yannakakis [1992].

Problem 4.1 (The Reachable Simulation Problem).
Given: A labeled transition system 𝐺 = (Σ, 𝐼 , 𝐿,�) and an initial preorder 𝑅𝑖 ∈ PreO(Σ).
Compute: The reachable principals of the simulation preorder 𝑅sim, w.r.t. 𝑅𝑖 , and the reachable

blocks of the simulation partition 𝑃sim.

A first matter we face is related to the notion of reachability. The notion of reachable blocks (rb)

for any partition 𝑃 ∈ Part(Σ), such as 𝑃sim, is (trivially) defined as 𝑃post∗ (𝐼 )
, and the following

equality follows from the definition:

𝑃post∗ (𝐼 ) = {𝑃 (𝑠) ∈ 𝑃 | 𝑠 ∈ Σ, 𝑃 (𝑠) ∩ post∗ (𝐼 ) ≠ ∅} = {𝑃 (𝑠) ∈ 𝑃 | 𝑠 ∈ post∗ (𝐼 )} . (rb)

Moving from bisimulation to simulation, (rb) can be generalized to any of the two following

definitions of reachable principals (rp) of a reflexive relation 𝑅 ∈ Rel(Σ), which can both be deemed

adequate:

𝑅post∗ (𝐼 ) = {𝑅(𝑠) ∈ ℘(Σ) | 𝑠 ∈ Σ, 𝑅(𝑠) ∩ post∗ (𝐼 ) ≠ ∅} , (rp
1
)

𝑅
post∗ (𝐼 )
alt

≜ {𝑅(𝑠) ∈ ℘(Σ) | 𝑠 ∈ post∗ (𝐼 )} . (rp
2
)
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Clearly, when 𝑅 is an equivalence relation, (rp
1
) and (rp

2
) coincide and boil down to (rb). However,

in general, only 𝑅
post∗ (𝐼 )
alt

⊆ 𝑅post∗ (𝐼 )
holds and, moreover, the inclusion (𝑅sim)post

∗ (𝐼 )
alt

⊊ (𝑅sim)post
∗ (𝐼 )

can hold strictly, and, for some systems, 𝑅post∗ (𝐼 )
could even be infinite whilst 𝑅

post∗ (𝐼 )
alt

be a finite

set. Let us show a very simple example where this inclusion holds strictly.

Example 4.2. Consider the transition system depicted below, the initial preorder𝑅𝑖 = {0, 1}×{0, 1},
and the block induced by 𝑅𝑖 , represented as a box in the diagram. The simulation preorder w.r.t. 𝑅𝑖
is given by 𝑅sim (0) = {0, 1}, 𝑅sim (1) = {1}, and dotted lines in the diagram delimit the blocks of the

simulation partition 𝑃sim.

1 0

The set of reachable states is post∗ (𝐼 ) = {1}, and thus we get that the set of reachable princi-

pals as per (rp
2
) is the singleton {𝑅sim (1)}, while the set of reachable principals as per (rp

1
) is

{𝑅sim (0), 𝑅sim (1)}, which is therefore a strict superset. ⋄

4.1 Unsolvability of the Reachable Simulation Problem
Problem 4.1 is, in general, unsolvable—i.e., no algorithm exists for computing the reachable principals

and blocks of, resp., 𝑅sim and 𝑃sim—even under the assumption that 𝑃sim is a finite partition. In

particular, we observe that the subtask of Problem 4.1 involving only the reachable blocks of 𝑃sim is

unsolvable as well. This result shows a difference with the problem of computing reachable blocks

of 𝑃bis, which [Lee and Yannakakis 1992, Theorem 3.1 and the following paragraph therein] proved

solvable for finite bisimulations, i.e., when 𝑃bis is a finite partition.

Theorem 4.3 (Unsolvability of the Reachable Simulation Problem). Problem 4.1 is
unsolvable, even under the assumption that 𝑃sim is a finite partition.

Theorem 4.3 can be proved by showing that solvability of Problem 4.1 would imply the decid-

ability of the well-known undecidable halting problem for 2-counter machines. In fact, with a few

termination-preserving transforms, we can characterize the halting states for a 2-CM as a block

of 𝑃sim. It is worth noting that the halting problem for 2-counter machines is commonly used for

proving related, yet different, undecidability results about simulation [Kučera and Jančar 2006].

The reader can find the full proof, along with the necessary definitions related to 2-counter

machines, in the following Section 4.2.

4.2 Proof of Theorem 4.3
We first observe that Problem 4.1 can be studied in terms of its (possible) subtasks:

(P1-b) Compute: The reachable blocks 𝑃
post∗ (𝐼 )
sim

.

(P1-s1) Compute: The reachable principals 𝑅
post∗ (𝐼 )
sim

, according to (rp
1
).

(P1-s2) Compute: The reachable principals (𝑅sim)post
∗ (𝐼 )

alt
, according to (rp

2
).

In particular, solvability of Problem 4.1 implies solvability of task (P1-b) and (at least one among)

tasks (P1-s1) and (P1-s2) depending on whether (rp
1
) or (rp

2
) is considered as reachability notion for

principals. We show that task (P1-b) (namely, computing the subset of blocks 𝑃
post∗ (𝐼 )
sim

= {𝐵 ∈ 𝑃sim |
𝐵 ∩post∗ (𝐼 ) ≠ ∅}), required by both formulations of Problem 4.1, over an infinite transition system

is, in general, unsolvable even under the assumption that 𝑃sim is a finite partition. In particular,

we show how an algorithm solving (P1-b), at least on cases where 𝑃sim is finite, could be used to

decide the (undecidable) halting problem for 2-counter machines—actually, an algorithm solving
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the simpler task of computing just the number of reachable blocks |𝑃post∗ (𝐼 )
sim

| would suffice in our

proof, as we explain below.

Let us recall the necessary definitions. A 2-counter machine (2-CM) is a tuple 𝑀 = (𝑄,Δ, 𝑞0, 𝐻 ),
where: 𝑄 is a finite set of states including an initial state 𝑞0, 𝐻 ⊆ 𝑄 is a set of halting states with

𝑞0 ∉ 𝐻 , and Δ is a set of transitions. The two counters are 𝑐1 and 𝑐2, and store non-negative

integer values (and nothing else). The set Δ ⊆ 𝑄 × ({1, 2} × {+,−, 0}) ×𝑄 comprises three types of

transitions:

(1) 𝑞
𝑐𝑖≔𝑐𝑖+1−−−−−−→ 𝑞′, which increases counter 𝑐𝑖 where 𝑖 ∈ {1, 2};

(2) 𝑞
𝑐𝑖≔𝑐𝑖−1−−−−−−→ 𝑞′, which decreases counter 𝑐𝑖 where 𝑖 ∈ {1, 2}; if the value of counter 𝑐𝑖 is zero

then the transition cannot be fired;

(3) 𝑞
𝑐𝑖=0−−−→ 𝑞′, which performs a zero-test on counter 𝑐𝑖 where 𝑖 ∈ {1, 2}; if the value of counter

𝑐𝑖 is non-zero then the transition cannot be fired.

A configuration of 𝑀 is a triple (𝑞, 𝑗1, 𝑗2) ∈ 𝑄 × N2
, where 𝑞 ∈ 𝑄 is a state and 𝑗1, 𝑗2 ∈ N are the

values stored by the counters 𝑐1 and 𝑐2 of 𝑀 . A configuration (𝑞, 𝑗1, 𝑗2) is halting when 𝑞 ∈ 𝐻 .

The operational semantics of a 2-CM is determined by a transition relation → between configura-

tions and is defined as expected. The 2-CM𝑀 halts on input ( 𝑗1, 𝑗2) if there exist configurations
conf

1
, . . . , conf 𝑘 such that: conf

1
→ · · · → conf 𝑘 , where conf 1 = (𝑞0, 𝑗1, 𝑗2) and conf 𝑘 is halting.

The halting problem for 2-CMs is well-known to be undecidable [Minsky 1967, Chapter 14].

Problem 4.4 (Halting Problem of 2-CMs).
Given: A 2-CM𝑀 .

Decide: Can𝑀 halt on input (0, 0)?

Consider an instance 𝑀 of the halting problem for 2-CMs. We first define a counter machine

𝑀1 that is obtained by adding to𝑀 a new non-halting state 𝑞1 for each non-halting state 𝑞 of𝑀 .

Besides the transitions of 𝑀 , 𝑀1 has three additional transitions for each new state 𝑞1 added at

the previous step: 𝑞
𝑐1≔𝑐1+1−−−−−−→ 𝑞1, 𝑞1

𝑐1≔𝑐1−1−−−−−−→ 𝑞, and 𝑞1
𝑐1=0−−−→ 𝑞. This definition of 𝑀1 ensures that

every non-halting configuration in (𝑄 ∖ 𝐻 ) × N2
can always progress to a non-halting successor

configuration in (𝑄 ∖𝐻 ) × N2
. Observe that adding such states and transitions does not modify

whether𝑀 halts: in fact,𝑀 halts iff 𝑀1 halts. Furthermore, we assume, without loss of generality,

that halting states have no outgoing transitions. This assumption can be enforced (if needed)

because if a halting state ℎ ∈ 𝐻 has outgoing transitions then we define 𝑀2 by duplicating in

𝑀1 the state ℎ and all its ingoing and outgoing transitions into a new non-halting state 𝑞ℎ , and,

then, we remove all the outgoing transitions out of ℎ. Again, this transformation does not modify

whether𝑀 halts:𝑀 halts iff𝑀2 halts. We thus consider the transition system induced by𝑀2 with

configurations 𝑄 × N2
and with a singleton set of initial states 𝐼 ≜ {(𝑞0, 0, 0)}. Next, let us define

the preorder 𝑟𝑖 to be (𝐻 ×𝑄) ∪
(
(𝑄 ∖𝐻 ) × (𝑄 ∖𝐻 )

)
∈ PreO(𝑄). Hence, define 𝑅𝑖 ∈ PreO(𝑄 ×N2)

as follows:

𝑅𝑖 ≜
(
(𝐻 × N2) × (𝑄 × N2)

)
∪
(
((𝑄 ∖ 𝐻 ) × N2) × ((𝑄 ∖ 𝐻 ) × N2)

)
. (1)

We show that 𝑅𝑖 is the simulation preorder, i.e. 𝑅𝑖 = 𝑅sim, because we can prove that for every

transition conf 𝑥 → conf 𝑦 the inclusion 𝑅𝑖 (conf 𝑥 ) ⊆ pre(𝑅𝑖 (conf 𝑦)) holds. Firstly, note that if
conf 𝑥 is halting then conf 𝑥 → conf 𝑦 for no configuration conf 𝑦 (the definition of𝑀2 guarantees

this property). If conf 𝑥 is non-halting then we have that 𝑅𝑖 (conf 𝑥 ) = (𝑄 ∖ 𝐻 ) × N2
. If conf 𝑦 is

halting then we have 𝑅𝑖 (conf 𝑦) =𝑄 × N2
, which, together with the fact that every configuration

of (𝑄 ∖ 𝐻 ) × N2
has an outgoing transition (this is ensured by 𝑀1), shows that the inclusion

𝑅𝑖 (conf 𝑥 ) ⊆ pre(𝑅𝑖 (conf 𝑦)) holds. The last case to consider is when both conf 𝑥 and conf 𝑦 are
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non-halting, which implies that 𝑅𝑖 (conf 𝑥 ) = 𝑅𝑖 (conf 𝑦) = (𝑄 ∖ 𝐻 ) × N2
. Here, we find that the

inclusion 𝑅𝑖 (conf 𝑥 ) ⊆ pre(𝑅𝑖 (conf 𝑦)) holds since every element of (𝑄 ∖𝐻 ) × N2
has an outgoing

transition into some non-halting configuration.

Therefore, 𝑅𝑖 = 𝑅sim holds, and the simulation partition 𝑃sim induced by 𝑅sim is:

𝑃sim = {𝐻 × N2, (𝑄 ∖ 𝐻 ) × N2} . (2)

Now, suppose that an algorithm A exists, which, given a TS (e.g., the system underlying a

2-CM, represented through the 2-CM) and an initial preorder 𝑅𝑖 (e.g., encoded through 𝑟𝑖 above),

outputs, when 𝑃sim is finite, the set of reachable 𝑃sim blocks, that is: A(⟨Σ, 𝐼 , 𝐿,�⟩, 𝑅𝑖 ) = 𝑃
post∗ (𝐼 )
sim

.

Equivalently, one could assume, instead, that A outputs the number of reachable blocks, as we

anticipated above. Then, we could run the algorithm A on the TS underlying 𝑀2 above and 𝑅𝑖

defined in (1), and obtain 𝑃
post∗ (𝐼 )
sim

, where 𝑃sim is the partition defined in (2), that is,

A(𝑀2, 𝑅𝑖 ) =
{
𝐵 ∈ {𝐻 × N2, (𝑄 ∖ 𝐻 ) × N2} | 𝐵 ∩ post∗ (𝐼 ) ≠ ∅

}
.

We now observe that A(𝑀2, 𝑅𝑖 ) always contains the block (𝑄 ∖ 𝐻 ) × N2
, since the initial state

(𝑞0, 0, 0) belongs to it. Moreover, it holds that A(𝑀2, 𝑅𝑖 ) will contain the block 𝐻 × N2
if and only

if post∗ ({(𝑞0, 0, 0)}) ∩ (𝐻 × N2) ≠ ∅, that is, if and only if𝑀2 can halt on input (0, 0). This allows
us to conclude that

|A(𝑀2, 𝑅𝑖 ) | = 2 ⇔ 𝑀 can halt on input (0, 0) .

Note that we are only interested in the cardinality |A(𝑀2, 𝑅𝑖 ) | of the output, and not on the actual

blocks, proving how an algorithmA computing the number of reachable blocks alone would suffice

to show unsolvability.

Therefore, since the halting problem for 2CMs is undecidable, we conclude that such an algorithm

A does not exist, and, consequently, task (P1-b) is unsolvable, even under the assumption that 𝑃sim
is finite. Finally, since solvability of Problem 4.1 implies solvability of task (P1-b), we can conclude

that no algorithm solving Problem 4.1 exists. In particular, the proposed reduction considers a

case where the simulation partition (i.e., the partition (2)) is finite, meaning that even under the

hypothesis that 𝑃sim consists of a finite set of blocks, Problem 4.1 still remains unsolvable, thus

completing the proof. □

Remarks. This negative result is to be contrasted with the positive result of Lee and Yannakakis

[1992] for the bisimulation partition 𝑃bis, stating that the LY algorithm terminates when 𝑃bis is finite

[Lee and Yannakakis 1992, Theorem 3.1 and the following paragraph therein]. Intuitively, the above

reduction does not work for the corresponding problem where bisimulation replaces simulation

because, in general, we cannot define a finite bisimulation that splits halting and non-halting states

as we did for (2). While the above proof focuses on the task (P1-b) alone, the logic behind our proof

can be used as-is to show unsolvability of task (P1-s2) too. In fact, suppose we can compute the

reachable principals 𝑅
post∗ (𝐼 )
alt

, for the simulation relation 𝑅sim defined in (1). This would lead to

solve the halting Problem 4.4: the 2-CM 𝑀 halts iff the principal (𝑄 × N2) is reachable. In fact,

following definition (rp
2
), reachability of the principal (𝑄 × N2) holds iff some state in (𝐻 × N2) is

reachable.

4.3 Remarks for Finite State Systems
We observe a further difference between Problem 4.1 and the corresponding problem for the bisim-

ulation case studied by Lee and Yannakakis [1992], over finite transition systems. The reachability

problem for blocks of both 𝑃bis and 𝑃sim is trivially decidable for finite systems, since we can simply

compute independently post∗ (𝐼 ) and 𝑃bis or 𝑃sim, and, check whether post∗ (𝐼 ) ∩ 𝐵 = ∅ holds for

every block 𝐵 in 𝑃bis or 𝑃sim. However, for the case of bisimulation, deciding reachability of a block
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𝐵 ∈ 𝑃bis can be done in 𝑂 ( |𝑃post∗ (𝐼 )
bis

|) time by exploiting the definition of bisimulation: if 𝑥 and 𝑦

are bisimilar states, then 𝑥 can reach (some state in) 𝐵 in one transition iff 𝑦 can, hence picking

any single state per block of 𝑃bis suffices to infer the reachable blocks from all the other states in

the block. For the simulation case, deciding the reachability of 𝐵 ∈ 𝑃sim is more involved: as the

following example hints, to decide whether 𝐵 ∈ 𝑃sim is reachable we have to check whether there

is a path of arbitrary length in the transition system reaching 𝐵, and thus picking any single state

per block is not enough.

Example 4.5. Let 𝐺1, 𝐺2 be the two transition systems depicted below (resp., left and right).

Blocks of states sharing the same principal in 𝑅𝑖 = N × N are represented as boxes, that is, the two

boxes define the blocks of the partition induced by 𝑅𝑖 . Moreover, dotted lines are used to delimit

the blocks of the simulation partition 𝑃sim w.r.t. 𝑅𝑖 . In fact, for both systems, 𝑅sim (0) = [0, 𝑛], and,
for all 𝑘 ∈ [1, 𝑛], 𝑅sim (𝑘) = [1, 𝑛], so we get that 𝑃sim = {[0, 0], [1, 𝑛]} for 𝐺1 and 𝐺2.

1 2 3 · · · 𝑛 0 𝐺1 1 2 3 · · · 𝑛 0 𝐺2

Observe that in 𝐺1 the block [0, 0] ∈ 𝑃sim is reachable while in 𝐺2 it is unreachable. Hence, to

decide whether [0, 0] is reachable or not in these two systems, we have to detect that the state 0 is

reachable in𝐺1 and not in 𝐺2, and this cannot be inferred by randomly picking one state in [1, 𝑛]
and observing its outgoing transitions only. However, this is not the case for bisimulation, since we

have that, for the system above, 𝑃bis = {[𝑘, 𝑘]}𝑘=0,...,𝑛 for 𝐺1, while 𝑃bis = 𝑃sim for 𝐺2, so that the

same argument cannot be applied. ⋄

5 An Algorithm for Reachable Simulations
In this section we introduce our approach to the reachable simulation problem. We define Algo-

rithm 1 which, given a system 𝐺 , a preorder 𝑅𝑖 , and an initial (possibly empty) set of reachable

states 𝜎𝑖 , computes the reachable principals of 𝑅sim according to (rp
1
), and over-approximates the

set of reachable blocks of 𝑃sim.

This algorithm maintains a relation 𝑅 ∈ Rel(Σ) specified through its principals 𝑅(𝑥) ∈ ℘(Σ),
and a set 𝜎 ⊆ Σ of reachable states, which we call provably reachable states, so that 𝑅𝜎 = {𝑅(𝑥) |
𝑅(𝑥) ∩ 𝜎 ≠ ∅} are the provably reachable principals of 𝑅. The algorithm computes a set 𝑈 of

principals which can be added to 𝑅𝜎
by expanding 𝜎 , and the set𝑉 of unstable principal pairs, with

the first element having a provably reachable principal. A principal 𝑅(𝑥) is in 𝑈 if it contains an

initial state or a successor of a provably reachable state. A triple ⟨𝑎, 𝑥, 𝑥 ′⟩ is in𝑉 if the principal 𝑅(𝑥)
is provably reachable and it can be refined by a principal 𝑅(𝑥 ′), i.e., 𝑥 𝑎→ 𝑥 ′ and 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑥 ′)).
Algorithm 1 is presented in logical form, meaning that in this pseudocode we do not require or

provide a specific representation for the transition system 𝐺 or for the sets maintained by the

algorithm, namely the relation 𝑅, the provably reachable states of 𝜎 , and the sets 𝑈 and 𝑉 . A

symbolic version of Algorithm 1, along with the details on the specific representations needed to

implement the algorithm will be given in Section 8.

At each iteration of thewhile loop, Algorithm 1 either updates, in the Search block, the reachability
information by expanding the set 𝜎 of provably reachable states, or stabilizes, in the Refine block, a
pair of principals from 𝑉 . The pseudocode of Algorithm 1 uses a nondeterministic choice between

guarded commands (nif). We have three guarded commands: either the Search (lines 7–9) or the

Refine blocks (lines 10–12) are executed, or, at line 13, when the other guards evaluate to false, the

return statement is taken. Thus, every execution consists of an interleaving of Search and Refine,
possibly followed by a return. Observe that the guards are such that when the algorithm terminates

neither Search nor Refine are enabled.

ACM Trans. Comput. Logic, Vol. 1, No. 1, Article 1. Publication date: January 2021.



The Reachable Simulation Problem 1:11

Algorithm 1: Relation-based Algorithm
Input: A system 𝐺 = (Σ, 𝐼 , 𝐿,�), an initial 𝑅𝑖 ∈ PreO(Σ), an initial finite set 𝜎𝑖 ⊆ post∗ (𝐼 ).

1 Rel(Σ) ∋ 𝑅 ≔ 𝑅𝑖 ;

2 ℘(Σ) ∋ 𝜎 ≔ 𝜎𝑖 ;

3 while true do

// Inv1: ∀𝑥 ∈ Σ. 𝑅sim (𝑥) ⊆ 𝑅(𝑥) ⊆ 𝑅𝑖 (𝑥)
// Inv2: 𝜎𝑖 ⊆ 𝜎 ⊆ post∗ (𝐼 )
// Inv3: ∀𝑥 ∈ Σ. 𝑥 ∈ 𝑅(𝑥)

4 𝑈 ≔ {𝑅(𝑥) | 𝑅(𝑥) ∩ 𝜎 = ∅, 𝑅(𝑥) ∩ (𝐼 ∪ post(𝜎)) ≠ ∅};
5 𝑉 ≔ {⟨𝑎, 𝑥, 𝑥 ′⟩ ∈ 𝐿 × Σ2 | 𝑅(𝑥) ∩ 𝜎 ≠ ∅, 𝑥 𝑎→ 𝑥 ′, 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑥 ′))};
6 nif

7 (𝑈 ≠ ∅) −→ Search :

8 choose 𝑅(𝑥) ∈ 𝑈 , 𝑠 ∈ 𝑅(𝑥) ∩ (𝐼 ∪ post(𝜎));
9 𝜎 ≔ 𝜎 ∪ {𝑠};

10 (𝑉 ≠ ∅) −→ Refine :
11 choose ⟨𝑎, 𝑥, 𝑥 ′⟩ ∈ 𝑉 ;

12 𝑅(𝑥) ≔ 𝑅(𝑥) ∩ pre𝑎 (𝑅(𝑥 ′));
13 (𝑈 = ∅ ∧𝑉 = ∅) −→ return ⟨𝑅, 𝜎⟩;

A principal 𝑅(𝑥) is refined at line 12 provided it is provably reachable. Upon termination, the

principals in 𝑅𝜎
and the principals in 𝑅

post∗ (𝐼 )
sim

coincide (cf. (1.a) of Theorem 5.3 below). However,

𝑅 may well contain unstable principals, so that, in general, 𝑅 and 𝑅sim do not coincide. Moreover,

line 12 might break transitivity of 𝑅, as 𝑅 is not guaranteed to be a preorder during execution, and

not even at termination. Turning to the simulation partition, we face a more complex situation. To

start with, we provide an example showing that the partition 𝑃 induced by 𝑅 is such that 𝑃𝜎 does

not coincide with 𝑃
post∗ (𝐼 )
sim

. In fact, 𝑃𝜎 might lack some of the blocks of 𝑃
post∗ (𝐼 )
sim

.

Example 5.1. Consider the transition system depicted below, and the initial preorder given by

𝑅𝑖 = {(1, 1), (2, 1), (2, 2)} = 𝑅sim, which coincides with the simulation preorder. The blocks induced

by 𝑅𝑖 coincide with 𝑃sim = {{1}, {2}}, and are represented as boxes in the diagram.

1 2

The initial state is 1, as indicated by the incoming blue arrow, and thus post∗ (𝐼 ) = {1, 2}. Algorithm 1

on input 𝑅𝑖 and 𝜎𝑖 = ∅ returns 𝑅 = 𝑅sim and 𝜎 = {1}. Therefore it follows that 𝑃post∗ (𝐼 )
sim

= 𝑃sim,

while 𝑃𝜎 = {{1}}, so that the inclusion 𝑃
post∗ (𝐼 )
sim

⊈ 𝑃𝜎 strictly holds. ⋄

It turns out that Algorithm 1 aims at populating 𝜎 with just enough states to correctly char-

acterize the reachable principals of 𝑅sim (i.e., achieving equality (1.a) below), but such states are,

in general, not enough to intersect all the reachable 𝑃sim blocks. However, 𝜎 suffices to capture

such blocks through a relaxation of the reachability notion which, in turn, induces a degree of

over-approximation. This relaxed definition is given by {𝐵 ∈ 𝑃 | 𝑅(𝐵) ∩ 𝜎 ≠ ∅} as defined in (1.b)

below. Intuitively, according to this notion, a block is reachable if it can be simulated by any

(provably) reachable state. Observe that the reachable blocks themselves are computed precisely:

each block in {𝐵 ∈ 𝑃 | 𝑅(𝐵) ∩ 𝜎 ≠ ∅} is a block of 𝑃sim, meaning that the states contained in it are
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computed in an exact way. In general, however, not all blocks in 𝑃 belong in 𝑃sim. The next example

shows that the converse inclusion of (1.b) does not always hold, i.e., the containment of (1.b) may

be strict.

Example 5.2. Consider the transition system below, with initial preorder 𝑅𝑖 = {1, 2} × {1, 2},
simulation preorder 𝑅sim = {(1, 1), (2, 1), (2, 2)}, and the induced 𝑃sim = {{1}, {2}}. The box depicts
the single block induced by 𝑅𝑖 and dotted lines delimit the blocks of 𝑃sim.

1 2

The set of reachable states is given by post∗ (𝐼 ) = {1}. Algorithm 1 on input 𝑅𝑖 and 𝜎𝑖 = ∅ outputs

𝑅 = 𝑅sim and 𝜎 = {1}. Thus, the inclusion of (1.b) is strict since {{1}} ⊊ {{1}, {2}}. ⋄

While we have shown that the inclusion might be strict, we point out that, however, it is not

arbitrarily loose since a block 𝐵 ∈ 𝑃 such that 𝑅(𝐵) ∩𝜎 ≠ ∅ (cf. (1.b)) is guaranteed to be simulated

by some reachable state. Therefore, 𝑅sim limits the magnitude of this over-approximation.

Section 6 further investigates the nature of this approximation, and introduces Algorithm 3,

which, roughly speaking, turns the inclusion of equation (1.b) into an equality with some caveats.

5.1 Correctness and Termination of Algorithm 1
We now show that our algorithm is correct (formally stating the points discussed above), and that

it terminates on finite state systems.

Theorem 5.3 (Finite Correctness of Algorithm 1). Let ⟨𝑅, 𝜎⟩ ∈ Rel(Σ) × ℘(Σ) be the
output of Algorithm 1 on input 𝐺 with |Σ| ∈ N, 𝑅𝑖 ∈ PreO(Σ), and 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover, let
𝑃 ∈ Part(Σ) be the partition induced by 𝑅. Then:

𝑅
post∗ (𝐼 )
sim

= 𝑅𝜎 , (1.a)

𝑃
post∗ (𝐼 )
sim

⊆ {𝐵 ∈ 𝑃 | 𝑅(𝐵) ∩ 𝜎 ≠ ∅} . (1.b)

Proof. The following statements on the output ⟨𝑅, 𝜎⟩ hold:
(i) At every iteration, 𝑅 is reflexive.

This holds because at the beginning 𝑅 is a preorder and the update and refine block of 𝑅

at lines 10–12 of Algorithm 1 preserves the reflexivity of 𝑅, in particular, the refinement

statement at line 12.

(ii) At every iteration, and for all 𝑦 ∈ Σ, 𝑅sim (𝑦) ⊆ 𝑅(𝑦).
This holds because the Refine block of Algorithm 1 is always correct, so that 𝑅sim (𝑦) ⊆ 𝑅(𝑦) ⊆
𝑅𝑖 (𝑦) holds for every iteration of Algorithm 1.

(iii) At termination, 𝑥 ∈ post∗ (𝐼 ) ⇒ 𝑅(𝑥) ∩ 𝜎 ≠ ∅.
This is proven by induction on 𝑛 ∈ N such that 𝐼 �𝑛 𝑥 . If 𝑛 = 0 then 𝑥 ∈ 𝐼 , so that, since 𝑅 is

reflexive following (i), 𝑥 ∈ 𝑅(𝑥) and therefore 𝑅(𝑥)∩ (𝐼 ∪post(𝜎)) ≠ ∅. Hence,𝑈 = ∅ implies

that 𝑅(𝑥) ∩ 𝜎 ≠ ∅. If 𝑛 > 0 then 𝐼 �𝑛 𝑥 ′
𝑎→ 𝑥 , and, by inductive hypothesis, 𝑅(𝑥 ′) ∩ 𝜎 ≠ ∅.

Therefore, since 𝑉 = ∅, 𝑅(𝑥 ′) ⊆ pre𝑎 (𝑅(𝑥)) must hold. Thus, pre𝑎 (𝑅(𝑥)) ∩ 𝜎 ≠ ∅, so that

𝑅(𝑥) ∩ post𝑎 (𝜎) ≠ ∅. Hence,𝑈 = ∅ implies 𝑅(𝑥) ∩ 𝜎 ≠ ∅.
(iv) At termination, for all 𝑥 ∈ Σ, 𝑅(𝑥) ∩ 𝜎 ≠ ∅ ⇒ 𝑅(𝑥) = 𝑅sim (𝑥).

Let Sim be the basic simulation algorithm, recalled as Algorithm 5 in Section 9, whose input

is the preorder 𝑅. By (ii), 𝑅sim ⊆ 𝑅 ⊆ 𝑅𝑖 . Thus, Sim(𝑅) = 𝑅sim because 𝑅sim = Sim(𝑅sim) ⊆
Sim(𝑅) ⊆ Sim(𝑅𝑖 ) = 𝑅sim. Assume, by contradiction, that S ≜ {𝑅(𝑥) ∈ ℘(Σ) | 𝑅(𝑥) ∩ 𝜎 ≠

∅, 𝑅(𝑥) ≠ 𝑅sim (𝑥)} ≠ ∅, so that each 𝑅(𝑥) ∈ S, will be refined at some iteration of Sim(𝑅).
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Then, let 𝑅(𝑥) ∈ S be the first principal in S such that 𝑅(𝑥) is refined by Sim at some iteration

it whose current relation is𝑅′
. Thus, each principal𝑅(𝑧) ∈ S is such that𝑅(𝑧) = 𝑅′ (𝑧) because

no principal in S was refined by Sim before this iteration it. Let 𝑅′ (𝑦) ⊆ 𝑅(𝑦) be the principal
of𝑅′

used by Sim in this iteration it to refine𝑅(𝑥), so that 𝑥 𝑎→ 𝑦,𝑅′ (𝑥) = 𝑅(𝑥) ⊈ pre𝑎 (𝑅′ (𝑦)).
We have that 𝑅(𝑥) ∩𝜎 ≠ ∅, 𝑥 𝑎→ 𝑦 and𝑉 = ∅ entail 𝑅(𝑥) ⊆ pre𝑎 (𝑅(𝑦)). Hence, 𝑅(𝑥) ∩𝜎 ≠ ∅
implies𝑅(𝑦)∩post𝑎 (𝜎) ≠ ∅, so that𝑈 = ∅ entails𝑅(𝑦)∩𝜎 ≠ ∅. If𝑅(𝑦) ∉ S then𝑅(𝑦)∩𝜎 ≠ ∅
implies 𝑅(𝑦) = 𝑅sim (𝑦) ⊆ 𝑅′ (𝑦) ⊆ 𝑅(𝑦), so that 𝑅′ (𝑦) = 𝑅(𝑦) holds. If 𝑅(𝑦) ∈ S then, since

𝑅(𝑥) is the first principal in S to be refined by Sim, we have that 𝑅′ (𝑦) = 𝑅(𝑦) holds. Thus,
in both cases, 𝑅′ (𝑦) = 𝑅(𝑦) must hold, so that 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑦)). Moreover, 𝑅(𝑥) ∩ 𝜎 ≠ ∅,
𝑥

𝑎→ 𝑦 and 𝑉 = ∅ imply 𝑅(𝑥) ⊆ pre𝑎 (𝑅(𝑦)), which is therefore a contradiction. Thus, S = ∅,
and, in turn, 𝑅(𝑥) = 𝑅sim (𝑥).

(v) At every iteration, 𝜎 ⊆ post∗ (𝐼 ).
This follows by 𝜎𝑖 ⊆ post∗ (𝐼 ) and because 𝜎 is updated at line 9 of Algorithm 1 by adding

𝑠 ∈ 𝐼 ∪ post(𝜎) and post∗ (𝐼 ) is the least fixpoint of 𝜆𝑋 .𝐼 ∪ post(𝑋 ).
Let us now show the equality (1.a).

(⊆) Let 𝑥 ∈ Σ such that 𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅. Thus, there exists 𝑠 ∈ post∗ (𝐼 ) such that

𝑠 ∈ 𝑅sim (𝑥). By (iii), 𝑅(𝑠) ∩ 𝜎 ≠ ∅. By (iv), 𝑅(𝑠) = 𝑅sim (𝑠). Moreover, 𝑠 ∈ 𝑅sim (𝑥) implies 𝑅sim (𝑠) ⊆
𝑅sim (𝑅sim (𝑥)) = 𝑅sim (𝑥), and since, by (ii), 𝑅sim (𝑥) ⊆ 𝑅(𝑥), we obtain 𝑅sim (𝑠) ⊆ 𝑅(𝑥). Thus,
𝑅(𝑠) ⊆ 𝑅(𝑥) holds, so that 𝑅(𝑠) ∩ 𝜎 ≠ ∅ entails 𝑅(𝑥) ∩ 𝜎 ≠ ∅, and, in turn, by (iii), 𝑅(𝑥) = 𝑅sim (𝑥).

(⊇) Let 𝑥 ∈ Σ such that 𝑅(𝑥) ∩ 𝜎 ≠ ∅. By (iv), 𝑅(𝑥) = 𝑅sim (𝑥), so that 𝑅sim (𝑥) ∩ 𝜎 ≠ ∅. By (v),

𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅.
Let us now prove (1.b). Let 𝑥 ∈ Σ such that 𝑃sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅. By definition of 𝑃 , we have

that for all 𝑥 ∈ Σ, 𝑃 (𝑥) = {𝑦 ∈ Σ | 𝑅(𝑥) = 𝑅(𝑦)}. Since 𝑃sim (𝑥) ⊆ 𝑅sim (𝑥), we have that

𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅. Let 𝑦 ∈ 𝑃sim (𝑥). Observe that 𝑃sim (𝑥) = {𝑧 ∈ Σ | 𝑅sim (𝑥) = 𝑅sim (𝑧)}. Thus,
𝑅sim (𝑥) = 𝑅sim (𝑦), so that 𝑅sim (𝑦) ∩ post∗ (𝐼 ) ≠ ∅. Thus, by (1.a), 𝑅sim (𝑦) = 𝑅(𝑦) and 𝑅(𝑦) ∩ 𝜎 ≠ ∅.
In particular, 𝑅(𝑥) = 𝑅sim (𝑥) = 𝑅sim (𝑦) = 𝑅(𝑦). Therefore, 𝑃sim (𝑥) ⊆ {𝑦 ∈ Σ | 𝑅(𝑥) = 𝑅(𝑦)} = 𝑃 (𝑥).
On the other hand, if 𝑧 ∈ 𝑃 (𝑥) then 𝑅(𝑧) = 𝑅(𝑥), so that 𝑅(𝑥) ∩ 𝜎 ≠ ∅ implies 𝑅(𝑧) ∩ 𝜎 ≠ ∅. Thus,
by (1.a), 𝑅sim (𝑧) = 𝑅(𝑧). Hence, 𝑅sim (𝑧) = 𝑅(𝑧) = 𝑅(𝑥) = 𝑅sim (𝑥), thus proving that 𝑃 (𝑥) ⊆ 𝑃sim (𝑥),
and therefore 𝑃 (𝑥) = 𝑃sim (𝑥) holds. Moreover, 𝑅(𝑥) ∩ 𝜎 ≠ ∅, thus proving (1.b). □

Theorem 5.4 (Termination of Algorithm 1). Let 𝐺 = (Σ, 𝐼 , 𝐿,�) with |Σ| ∈ N, 𝑅𝑖 ∈
PreO(Σ), and 𝜎𝑖 ⊆ post∗ (𝐼 ). Then, Algorithm 1 terminates on input 𝐺 , 𝑅𝑖 , and 𝜎𝑖 .

Proof. We first observe that each Search iteration adds some new state to 𝜎 through the update

at line 9. Thus, since Σ has finitely many elements, Algorithm 1 will always execute a finite number

of Search iterations. Similarly, executing the Refine block is guaranteed to remove some state from

at least one principal of the current relation, and since, initially, each principal has finitely many

elements, the overall number of Refine iterations is also finite. Therefore, since every iteration of

the while-loop either executes a Search or a Refine, the algorithm terminates after a finite number

of iterations. Finally, we observe that each iteration computes a finite number of operations. □

5.2 Correctness and Termination for Infinite State Systems
Theorem 5.3 is introduced on finite systems for clarity reasons when formulating the proof. Nev-

ertheless, the proof argument of Theorem 5.3 extends to infinite state systems—i.e. the condition

|Σ| ∈ N can be removed from the hypotheses of the theorem—when the following assumption

holds:

Assumption 5.5 (𝜔-Convergence for Simulation Approximants). Given a transition system 𝐺 =

(Σ, 𝐼 , 𝐿,�), and an initial preorder 𝑅𝑖 ∈ PreO(Σ), let ⪯0 ≜ 𝑅𝑖 and ⪯𝑛 , for 𝑛 > 0 be the strong
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simulation approximants as defined in [Hofman et al. 2016, Points (2) and (3) of Definition 30].

Then, the 𝜔-convergence assumption holds iff ⪯𝜔 = 𝑅sim, where 𝜔 is the first limit ordinal.

Note that Assumption 5.5 holds at least on all finitely branching systems, as stated in [Hofman

et al. 2016, paragraph following Definition 30]. We can now formally state the correctness result

for Algorithm 1 on possibly infinite systems as follows.

Theorem 5.6 (Correctness of Algorithm 1). Let ⟨𝑅, 𝜎⟩ ∈ Rel(Σ) × ℘(Σ) be the output of
Algorithm 1 on input 𝐺 , 𝑅𝑖 ∈ PreO(Σ) and 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover, let 𝑃 ∈ Part(Σ) be the partition
induced by 𝑅. If Assumption 5.5 holds, then conditions (1.a) and (1.b) are satisfied.

The details of the extension of the proof to the infinite case, are presented (along with extensions

for the other correctness theorems) in Section 9.

Commenting on termination, we point out that even though Theorem 5.4 guarantees termination

on finite systems only, Algorithm 1 can terminate on some infinite systems too, and even when

𝑃sim contains infinitely many blocks. One such case is given in the following intuitive example.

Example 5.7. Consider the depicted transition system with infinitely many states, and the initial

preorder given by 𝑅𝑖 (0) = {0}, 𝑅𝑖 (1) = {0, 1}, and for all 𝑛 < 0, 𝑅𝑖 (𝑛) = ]−∞,−1]. Boxes in the

diagram denote the blocks of the partition induced by 𝑅𝑖 . The simulation preorder is therefore

given by: 𝑅sim (0) = {0}, 𝑅sim (1) = {0, 1}, and 𝑅sim (𝑛) = ]−∞, 𝑛] for each 𝑛 < 0. Notice that 𝑅sim
has infinitely many principals, and the corresponding infinitely many blocks of 𝑃sim are delimited

by dotted lines.

0 1
. . . −2 −1

After one Search iteration of Algorithm 1 (on input 𝑅𝑖 , 𝜎𝑖 = ∅), we get 𝜎 = {0}. At this point,𝑉 = ∅
and𝑈 = ∅ holds, and the algorithm returns the correct result.

Let us consider instead the process of refining each principal 𝑅𝑖 (𝑥) of the initial preorder such that

𝑅𝑖 (𝑥) ≠ 𝑅sim (𝑥) one-by-one (this is what the basic simulation Algorithm 5 would do). This process,

which converges to 𝑅sim, cannot terminate after finitely many steps since infinitely many principals

need to be refined. ⋄

The motivating example of Section 2 is a more elaborate case of an infinite transition system with

an infinite simulation partition 𝑃sim, where Algorithm 1 terminates after refining some principals.

Next, we provide a full execution of Algorithm 1 on the motivating example.

5.3 Execution on the Motivating Example
Let us run Algorithm 1 on the motivating example of Section 2. We fix 𝑘 = 2 and obtain the infinite

state transition system depicted below (note that a similar execution is obtained for any value 𝑘).

The initial and simulation preorders are thus given by:

𝑅𝑖 (𝑥) =

Z ∖ N if 𝑥 ∈ Z, 𝑥 < 0

N if 𝑥 ∈ Z, 𝑥 ≥ 0

{0′, 1′, 2′} if 𝑥 ∈ {0′, 1′, 2′}
𝑅sim (𝑥) =


{𝑦 ∈ Z | 𝑦 ≤ 𝑥} if 𝑥 ∈ Z, 𝑥 < −1
{−1} if 𝑥 = −1
N if 𝑥 ∈ Z, 𝑥 ≥ 0

{𝑚′ | 0 ≤𝑚 ≤ 𝑛} if 𝑥 = 𝑛′, 𝑛 ∈ {0, 1, 2}

As usual, states sharing the same principal in 𝑅𝑖 are depicted in boxes, while dotted lines delimit

the blocks of the simulation partition 𝑃sim. The initial state is 0
′
and thus the set of reachable states

is post∗ (𝐼 ) = {0′, 1′, 2′} ∪ N.
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0 1
. . .

0
′

1
′

2
′

. . . −2 −1

We recall that all arrows in the diagram have an implicit action label (say, 𝑎 ∈ 𝐿 = {𝑎}), and
we omit them in the diagram for clarity reasons. Now we detail an execution of Algorithm 1 with

input 𝑅𝑖 and 𝜎𝑖 = ∅:
1st iteration: At the beginning, 𝑈 = {𝑅𝑖 (0′)} = {{0′, 1′, 2′}}, since the principals intersecting
𝐼 = {0′} are those corresponding to states 0

′
, 1

′
and 2

′
. Moreover, since 𝜎 = ∅, then 𝑉 = ∅ holds.

Hence, the Search block is executed and 𝜎 is updated: at line 9 we get 𝜎 = {0′}.
2nd iteration: Since 𝜎 = {0′}, we get 𝑈 = {𝑅𝑖 (0)} = {N} because N ∩ post(𝜎) ≠ ∅. Note that
𝑅(0′), 𝑅(1′) and 𝑅(2′) are not in 𝑈 at this point because they contain the provably reachable

state 0
′
. Moreover, 𝑉 = {⟨𝑎, 0′, 1′⟩, ⟨𝑎, 1′, 2′⟩} since pre𝑎 (𝑅𝑖 (1′)) = pre𝑎 (𝑅𝑖 (2′)) = {0′, 1′}, and

𝑅𝑖 (0′) = 𝑅𝑖 (1′) = {0′, 1′, 2′} ⊈ {0′, 1′}. Assume that Algorithm 1 nondeterministically executes

a Search iteration, then it will update 𝜎 by choosing the principal 𝑅(0) in 𝑈 : at line 9 the set of

provably rechable states 𝜎 is expanded and we get 𝜎 = {0′, 0}.
3rd iteration: We get 𝑈 = ∅ since all the states in 𝐼 ∪ post(𝜎) occur in principals having a

nonempty intersection with 𝜎 , therefore 𝜎 cannot be expanded so to reach a principal which is not

provably reachable. Moreover, 𝑉 is as in the previous iteration, that is 𝑉 = {⟨𝑎, 0′, 1′⟩, ⟨𝑎, 1′, 2′⟩}.
In fact, note that 𝑅𝑖 (0), which is now provably reachable, does not induce new unstable triples

in 𝑉 . Assume that Algorithm 1 picks ⟨𝑎, 1′, 2′⟩ from 𝑉 (picking the other element leads to the same

output, with small differences in the run of the algorithm), and executes the Refine block: at line 12
the relation is updated so that 𝑅(1′) = 𝑅𝑖 (1′) ∩ pre𝑎 (𝑅𝑖 (2′)) = {0′, 1′}.
4th iteration:As in the previous iteration,𝑈 = ∅. On the other hand, now we have𝑉 = {⟨𝑎, 0′, 1′⟩}
since 𝑅(0′) = 𝑅𝑖 (0′) = {0′, 1′, 2′} ⊈ pre𝑎 (𝑅(1′)) = {0′}. Therefore, the algorithm executes a Refine
step, and at line 12 the principal 𝑅(0′) is refined, so that 𝑅(0′) = {0′, 1′, 2′} ∩ {0′} = {0′}.
5th iteration: As for the previous iterations, 𝑈 = ∅ holds since 𝜎 = {0′, 0}, and for every

𝑥 ∈ N ∪ {0′, 1′, 2′}, it holds 𝑅(𝑥) ∩ 𝜎 ≠ ∅. Moreover, we have that 𝑉 = ∅, since all the transitions
outgoing 0

′
, 1

′
, 2

′
, and all the states in N are stable. Therefore, Algorithm 1 returns 𝜎 = {0′, 0}, and

𝑅 is defined by the following principals: 𝑅(0′) = {0′}, 𝑅(1′) = {0′, 1′} and 𝑅(𝑥) = 𝑅𝑖 (𝑥) for every
other state. Observe that |𝜎 | = 2, independently of the fixed parameter 𝑘—for an arbitrary value

𝑘 , every principal 𝑅sim (0′), . . . , 𝑅sim (𝑘 ′) contains the state 0′, and therefore adding 0
′
into 𝜎 at the

first iteration suffices to make them all provably reachable. In fact, for this family of transition

systems, Algorithm 1 explores only two reachable states 0 and 0
′
(out of infinitely many) which

suffice to characterize all the reachable principals of 𝑅sim.

6 Computing the Reachable Simulation Partition
Since, for finite state systems, it is possible to compute precisely the reachable blocks of the simula-

tion partition in a naïve way by first computing the simulation partition blocks, and then filtering

out the ones containing no reachable state, it is a natural question to ask whether Algorithm 1

can be modified to achieve a similar result. To answer this question, we first study in Section 6.1

the ways in which we can obtain an approximate solution for Problem 4.1. Then, we introduce,

in Section 6.2, the auxiliary Algorithm 2 which we will then employ to modify Algorithm 1 into

Algorithm 3 presented in Section 6.3, which, by adopting a different approximation strategy, turns

the containment of equation (1.b) into an equality.
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6.1 Approximating Reachable Blocks
We focus on how the set of reachable blocks of 𝑃sim can be approximated. We recall that the set of

reachable 𝑃sim blocks is defined as 𝑃
post∗ (𝐼 )
sim

. Let {𝐵1, 𝐵2, . . . } = 𝑃
post∗ (𝐼 )
sim

be the reachable blocks of

𝑃sim, we identify two ways in which 𝑃
post∗ (𝐼 )
sim

can be approximated:

Approximation by over-reachability: the set 𝑃post∗ (𝐼 )
sim

is approximated as 𝛼 ({𝐵1, 𝐵2, . . . }), where
𝛼 : ℘(𝑃sim) � ℘(𝑃sim) (possibly) introduces some degree of over-approximation by adding new

blocks to the set, i.e., 𝛼 (𝑃post∗ (𝐼 )
sim

) = {𝐵1, 𝐵2, . . . ,𝐶1,𝐶2, . . . } ⊇ 𝑃
post∗ (𝐼 )
sim

, where (some of) the 𝐶𝑖

blocks might not belong to 𝑃
post∗ (𝐼 )
sim

. Observe that, in this scenario, the states contained in each

block of 𝛼 (𝑃post∗ (𝐼 )
sim

) are exactly computed, i.e. 𝛼 (𝑃post∗ (𝐼 )
sim

) ⊆ 𝑃sim (meaning that each block in the

approximation is an actual block of 𝑃sim), and the approximation only affects which blocks are

marked as reachable.

Approximation by partial computation: the set 𝑃post∗ (𝐼 )
sim

is approximated as {𝛽 (𝐵1), 𝛽 (𝐵2), . . . },
where the content of each reachable block is approximated by an injective map 𝛽 : 𝑃

post∗ (𝐼 )
sim

� ℘(Σ)
such that 𝛽 (𝐵𝑖 ) ⊆ 𝐵𝑖 . This kind of approximation induces a 1-1 correspondence between each

𝐵𝑖 and the corresponding 𝛽 (𝐵𝑖 ). In this scenario, only the content of the reachable blocks is

approximated, but not the characterization of which blocks are reachable, dually to what happens

in the over-reachability case above.

We observe that the notion of approximation by partial computation bears resemblance to that of

semi-stability used by Lee and Yannakakis [1992]. In fact, as far as model minimization is concerned,

computing the set 𝑃
post∗ (𝐼 )
sim

in an exact way gives rise to the same graph structure as approximating

the output via partial computation, similarly to how a semi-stable graph has the same “shape” of

the reduced system, in [Lee and Yannakakis 1992, Definition 3.2].

As we have shown in Theorem 5.3, (1.b), Algorithm 1 (and the same holds for Algorithm 4 in

the upcoming section) solves an approximated by over-reachability version of Problem 4.1 for 𝑃sim
blocks. Intuitively, we will now formulate a modified version of Algorithm 1 which solves the

dually approximated problem for partial computation.
More in detail, the algorithm we propose offers strong guarantees on the degree of approximation

introduced in each block, as the function 𝛽 satisfies the following property: for every 𝐵 ∈ 𝑃
post∗ (𝐼 )
sim

,

it holds 𝐵 ∩ post∗ (𝐼 ) = 𝛽 (𝐵) ∩ post∗ (𝐼 ) (as stated in equation (2.b) of Theorem 6.1 below). This

therefore means that the effects of the approximation introduced by 𝛽 are limited to the unreachable

states of each block, while the reachable states are computed in an exact way.

6.2 A Refined Version of Algorithm 1
The purpose of this section is to introduce a partially evaluated version of Algorithm 1, given as

Algorithm 2 below, which will be used as a subroutine of Algorithm 3 in Section 6.3. The intuition

underlying Algorithm 2 is that if Algorithm 1 is called with 𝜎𝑖 = post∗ (𝐼 ), then the set 𝑈 will be

empty at each iteration, so that Search never executes.
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Algorithm 2: Refined Algorithm (SymRef)
Input: A transition system 𝐺 = (Σ, 𝐼 , 𝐿,�), the set of reachable states post∗ (𝐼 ), and a

relation 𝑅𝑖 ∈ Rel(Σ) such that 𝑅sim ⊆ 𝑅𝑖 ⊆ 𝑅po, where 𝑅po is some preorder and 𝑅sim
is the simulation preorder induced by 𝑅po.

1 Rel(Σ) ∋ 𝑅 ≔ 𝑅𝑖 ;

2 ℘(Σ) ∋ 𝜎 ≔ post∗ (𝐼 );
3 while true do

// Inv1: ∀𝑥 . 𝑅sim (𝑥) ⊆ 𝑅(𝑥) ⊆ 𝑅𝑖 (𝑥)
// Inv2: ∀𝑥 ∈ Σ. 𝑥 ∈ 𝑅(𝑥)

4 𝑉 ≔ {⟨𝑎, 𝑥, 𝑥 ′⟩ ∈ 𝐿 × Σ2 | 𝑅(𝑥) ∩ 𝜎 ≠ ∅, 𝑥 𝑎→ 𝑥 ′, 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑥 ′))};
5 if (𝑉 ≠ ∅) then
6 Refine :
7 choose ⟨𝑎, 𝑥, 𝑥 ′⟩ ∈ 𝑉 ;

8 𝑅(𝑥) ≔ 𝑅(𝑥) ∩ pre𝑎 (𝑅(𝑥 ′));
9 else

10 return ⟨𝑅, 𝜎⟩;

Based on this observation, we define Algorithm 2, also denoted by SymRef, obtained by partially

evaluating Algorithm 1 under the assumption to have in input 𝜎𝑖 = post∗ (𝐼 ). Note that Algorithm 2

differs from Algorithm 1 in that we require the input relation 𝑅𝑖 to be reflexive, but not necessarily

transitive. The rationale is that Algorithm 2 will be employed as a subroutine having in input a

relation 𝑅𝑖 that sits in between a preorder 𝑅po and the simulation preorder 𝑅sim induced by 𝑅po.

More precisely, it turns out that for Algorithm 2 the invariant Inv ≜ 𝑅sim ⊆ 𝑅𝑖 ⊆ 𝑅po holds. Note

that 𝑅𝑖 is reflexive, since 𝑅sim is, but 𝑅𝑖 need not be transitive. Under these assumptions on the

inputs, it is easily seen that Algorithm 2 inherits correctness and termination results as given by

Theorems 5.3 and 5.4.

6.3 An Algorithm for the Reachable Simulation Partition
We now introduce the key modification underlying the adapted version of Algorithm 1. Intuitively,

our modification changes the notions of reachability for principals in the sets 𝑈 and 𝑉 , switching

from that defined in (rp
1
) to the one given by (rp

2
). Moreover, a third guarded block is added to

the nif statement of Algorithm 1, which computes all the one-step successors of states in 𝜎 and

checks whether the whole post∗ (𝐼 ) set has been computed. Like Algorithm 1, this modified version

is guaranteed to terminate on finite state systems.

Let us recall that, following the idea presented in Example 4.5, computing the whole set post∗ (𝐼 )
is, in general, unavoidable. In particular, several features of this modified algorithm suggest that

it terminates less often for infinite state systems compared to Algorithm 1, because, intuitively,

it relies more tightly on explicitly computing reachable states (e.g., some part of the algorithm

explicitly relies on having computed the whole set post∗ (𝐼 )).
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Algorithm 3: Reachable Simulation Partition Algorithm
Input: A ts 𝐺 = (Σ, 𝐼 , 𝐿,�), 𝑅𝑖 ∈ PreO(Σ), and an initial finite set 𝐼 ⊆ 𝜎𝑖 ⊆ post∗ (𝐼 ).

1 Rel(Σ) ∋ 𝑅 ≔ 𝑅𝑖 ;

2 ℘(Σ) ∋ 𝜎 ≔ 𝜎𝑖 ;

3 ℘(𝑈 ) ∋ 𝑈bad ≔ ∅;
4 while true do

// Inv1: ∀𝑥 ∈ Σ. 𝑅sim (𝑥) ⊆ 𝑅(𝑥) ⊆ 𝑅𝑖 (𝑥)
// Inv2: 𝜎𝑖 ⊆ 𝜎 ⊆ post∗ (𝐼 )
// Inv3: ∀𝑥 ∈ Σ. 𝑥 ∈ 𝑅(𝑥)
// Inv4: 𝑈bad ⊆ 𝑈

5 𝑈 ≔ {𝑥 ∈ Σ | �𝑠 ∈ 𝜎. 𝑅(𝑥) = 𝑅(𝑠), 𝑅(𝑥) ∩ post(𝜎) ≠ ∅};
6 𝑉 ≔ {(𝑎, 𝑥, 𝑥 ′) ∈ 𝐿×Σ2 | ∃𝑠∈𝜎. 𝑅(𝑥) = 𝑅(𝑠), 𝑥 𝑎→ 𝑥 ′, 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑥 ′))};
7 nif

8 (𝑈 ∖𝑈bad ≠ ∅) −→ Search :

9 choose 𝑥 ∈ 𝑈 ∖𝑈bad;

10 𝑆 ≔ (𝑅(𝑥) ∩ post(𝜎)) ∖ 𝜎 ;

11 if 𝑆 ≠ ∅ then

12 choose 𝑠 ∈ 𝑆 ;

13 𝜎 ≔ 𝜎 ∪ {𝑠};
14 𝑈bad ≔ ∅;
15 else

16 𝑈bad ≔ 𝑈bad ∪ {𝑥};
17 (𝑉 ≠ ∅) −→ Refine :
18 choose (𝑎, 𝑥, 𝑥 ′) ∈ 𝑉 ;

19 𝑆 ≔ pre𝑎 (𝑅(𝑥 ′));
20 𝑅(𝑥) ≔ 𝑅(𝑥) ∩ 𝑆 ;

21 𝑈bad ≔ ∅;
22 (𝑈 =𝑈bad ≠ ∅ ∧𝑉 = ∅) −→ Expand :

23 if post(𝜎) ⊆ 𝜎 then

// 𝜎 = post∗ (𝐼 ) holds, thus Algorithm 2 is executed with input 𝑅 and 𝜎

24 return SymRef (𝑅, 𝜎);
25 else

26 𝜎 ≔ 𝜎 ∪ post(𝜎);
27 𝑈bad ≔ ∅;
28 (𝑈 = ∅ ∧𝑉 = ∅) −→ return ⟨𝑅, 𝜎⟩;

We now illustrate, in detail, the differences between Algorithm 1 and Algorithm 3. One first

difference lies in the definitions of the sets𝑈 and 𝑉 at lines 5 and 6. Informally, the changes made

to the definitions of𝑈 and 𝑉 reflect the difference between definitions (rp
1
) and (rp

2
) of reachable

principal. Moreover, Algorithm 3 keeps track of a subset of𝑈 , denoted by𝑈bad, that contains states

on which executing a Search iteration cannot expand 𝜎 (using the current relation 𝑅). Furthermore,

we have a new Expand guarded block in the loop of nondeterministic choices whose role is to

guarantee progress by adding new elements to 𝜎 . The Expand block at line 24 has a return statement

invoking Algorithm 2 as a subroutine whenever 𝜎 turns out to be the whole set post∗ (𝐼 ) of reachable
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states. It is worth recalling that, as shown in Example 4.5, computing the whole set post∗ (𝐼 ) of
reachable states is, in general, unavoidable.

The main feature of Algorithm 3 is that if it terminates with output ⟨𝑅, 𝜎⟩, then it induces a

partition whose blocks having a nonempty intersection with 𝜎 approximate, in a partial computation
way, the reachable blocks of 𝑃sim, splitting every reachable state consistently with 𝑃sim, where

consistently here means that two reachable states are split by 𝑃 iff they are split by 𝑃sim (cf. (2.b)

below). Note that a block 𝐵 ∈ 𝑃𝜎 might be strictly contained in the corresponding block 𝑃sim (𝐵) of
𝑃sim, but Algorithm 3 ensures that (𝑃sim (𝐵) ∖ 𝐵) ∩ post∗ (𝐼 ) = ∅ (cf. (2.c) below). We also point out

that, as a consequence of (2.b), every block of 𝑃
post∗ (𝐼 )
sim

intersects 𝜎 . On the other hand, Algorithm 3

is also precise for the reachable principals of the simulation preorder 𝑅sim where reachability for

principals is defined according to definition (rp
2
) (cf. (2.a) below).

Theorem 6.1 (Finite Correctness of Algorithm 3). Let ⟨𝑅, 𝜎⟩ ∈ Rel(Σ) × ℘(Σ) be the
output of Algorithm 3 on input 𝐺 with |Σ| ∈ N, 𝑅𝑖 ∈ PreO(Σ), 𝐼 ⊆ 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover let
𝑃 ∈ Part(Σ) be the partition induced by 𝑅. Then:

(𝑅sim)post
∗ (𝐼 )

alt = 𝑅
post∗ (𝐼 )
alt , (2.a)

{𝐵 ∩ post∗ (𝐼 ) | 𝐵 ∈ 𝑃
post∗ (𝐼 )
sim

} = {𝐵 ∩ post∗ (𝐼 ) | 𝐵 ∈ 𝑃𝜎 }, (2.b)

∀𝑥 ∈ Σ. 𝑃 (𝑥) ∈ 𝑃𝜎 ⇒ 𝑃 (𝑥) ⊆ 𝑃sim (𝑥) . (2.c)

Proof. We first observe that at termination 𝑉 = ∅ and one of the two following holds:

𝑈 = ∅ (3)

𝑈 ≠ ∅ ∧ (post(𝜎) ⊆ 𝜎) (4)

corresponding to, respectively, the case where the algorithm executes line 28 or 24. Moreover, in

the case 𝑈 ≠ ∅, we observe that post(𝜎) ⊆ 𝜎 , together with 𝐼 ⊆ 𝜎 , allows us to conclude that

post∗ (𝐼 ) ⊆ 𝜎 , by fixpoint definition of post∗ (𝐼 ), and Inv2 implies 𝜎 = post∗ (𝐼 ). Moreover, since

Algorithm 2 returns the same set of reachable states, i.e. post∗ (𝐼 ), which is given as input, we have

that 𝜎 = post∗ (𝐼 ) holds.
We now show that the following facts on the output pair ⟨𝑅, 𝜎⟩ of Algorithm 3 hold:

(i) For all 𝑥 ∈ Σ, 𝑅sim (𝑥) ⊆ 𝑅(𝑥).
This holds because the Refine block of Algorithm 3 is always correct, so that, for all 𝑥 ∈ Σ,
𝑅sim (𝑥) ⊆ 𝑅(𝑥) ⊆ 𝑅𝑖 (𝑥) holds for every iteration of Algorithm 3. Moreover, correctness of

Algorithm 2 ensures that line 24 preserves this property.

(ii) 𝑥 ∈ post∗ (𝐼 ) ⇒ ∃𝑠 ∈ 𝜎. 𝑅(𝑥) = 𝑅(𝑠).
We distinguish the two possible cases at termination:

(𝑈 = ∅): We proceed by induction on 𝑛 ∈ N such that 𝑥 ∈ post𝑛 (𝐼 ). For 𝑛 = 0, 𝑥 ∈ 𝐼 ,

so that by initialization of 𝜎 , 𝑥 ∈ 𝜎 . For the inductive case, if 𝑥 ∈ post𝑛+1 (𝐼 ) then there

exists 𝑦 ∈ post𝑛 (𝐼 ) such that 𝑦 � 𝑥 , so that, by inductive hypothesis, 𝑅(𝑦) = 𝑅(𝑠′) for
some 𝑠′ ∈ 𝜎 . Since 𝑦 � 𝑥 , 𝑉 = ∅ implies 𝑅(𝑦) ⊆ pre(𝑅(𝑥)). Thus, since 𝑅 is reflexive,

𝑠′ ∈ 𝑅(𝑠′) = 𝑅(𝑦) holds, implying 𝑠′ ∈ pre(𝑅(𝑥)), i.e., 𝑅(𝑥) ∩ post(𝜎) ≠ ∅. Then, 𝑈 = ∅
implies ∃𝑠 ∈ 𝜎. 𝑅(𝑠) = 𝑅(𝑥).
(𝑈 ≠ ∅): Since 𝜎 = post∗ (𝐼 ), we have that 𝑥 ∈ post∗ (𝐼 ) = 𝜎 , and the property trivially holds.

(iii) (∃𝑠 ∈ 𝜎. 𝑅(𝑠) = 𝑅(𝑥)) ⇒ 𝑅(𝑥) = 𝑅sim (𝑥).
We distinguish two possible cases at termination:

(𝑈 ≠ ∅): By reflexivity, 𝑠 ∈ 𝑅(𝑠) = 𝑅(𝑥) implies 𝑅(𝑥) ∩ 𝜎 ≠ ∅, and thus correctness of

Algorithm 2 entails 𝑅(𝑥) = 𝑅sim (𝑥).
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(𝑈 = ∅): Let Sim be the basic simulation algorithm, recalled as Algorithm 5 in Section 9,

taking in input a relation 𝑅 and computing, for finite state systems, 𝑅sim.

By (i), 𝑅sim (𝑧) ⊆ 𝑅(𝑧) ⊆ 𝑅𝑖 (𝑧), for all 𝑧 ∈ Σ. Moreover, Sim(𝑅) = 𝑅sim because 𝑅sim =

Sim(𝑅sim) ⊆ Sim(𝑅) ⊆ Sim(𝑅𝑖 ) = 𝑅sim. Let us assume, by contradiction, that S ≜ {𝑅(𝑥) |
𝑥 ∈ Σ, 𝑅(𝑥) ≠ 𝑅sim (𝑥), ∃𝑠 ∈ 𝜎. 𝑅(𝑥) = 𝑅(𝑠)} ≠ ∅, so that every principal in S will be

refined at some iteration of Sim on input 𝑅. Let 𝑅(𝑥) ∈ S be the first principal in S to be

refined by Sim at some iteration it whose current relation is 𝑅′
with 𝑅′ ⊆ 𝑅, so that each

principal in S is a principal for 𝑅′
since no principal in S was refined before this iteration

it. Let 𝑅′ (𝑦) ⊆ 𝑅(𝑦) be the principal of 𝑅′
used in this iteration it to refine 𝑅(𝑥), so that

𝑥
𝑎→ 𝑦, 𝑅′ (𝑥) = 𝑅(𝑥) ⊈ pre𝑎 (𝑅′ (𝑦)). We have that 𝑥

𝑎→ 𝑦, along with ∃𝑠 ∈ 𝜎. 𝑅(𝑠) = 𝑅(𝑥)
and 𝑉 = ∅, entails 𝑅(𝑥) ⊆ pre𝑎 (𝑅(𝑦)). Hence, by reflexivity, 𝑠 ∈ 𝑅(𝑠) = 𝑅(𝑥) ⊆ pre𝑎 (𝑅(𝑦))
implies 𝑅(𝑦) ∩ post(𝜎) ≠ ∅, so that𝑈 = ∅ entails ∃𝑠′ ∈ 𝜎. 𝑅(𝑦) = 𝑅(𝑠′).
Now, either 𝑅(𝑦) ∉ S, which implies 𝑅(𝑦) = 𝑅sim (𝑦) and, therefore, 𝑅(𝑦) = 𝑅′ (𝑦), or 𝑅(𝑦) ∈ S,
and since no principal in S was refined before, 𝑅(𝑦) = 𝑅′ (𝑦).
This lets us conclude that 𝑅(𝑥) ⊈ pre𝑎 (𝑅′ (𝑦)) = pre𝑎 (𝑅(𝑦)), which is a contradiction to

𝑅(𝑥) ⊆ pre𝑎 (𝑅(𝑦)). Thus, S = ∅ holds.

(iv) (∃𝑠 ∈ 𝜎. 𝑅(𝑠) = 𝑅(𝑥)) ⇒ 𝑃 (𝑥) ∩ post∗ (𝐼 ) = 𝑃sim (𝑥) ∩ post∗ (𝐼 ).
We first show that

(∃𝑠 ∈ 𝜎. 𝑅(𝑠) = 𝑅(𝑥)) ⇒ 𝑃 (𝑥) ⊆ 𝑃sim (𝑥). (5)

Consider 𝑦 ∈ 𝑃 (𝑥). Then, by definition of 𝑃 it holds 𝑅(𝑦) = 𝑅(𝑥), and, thus, 𝑅(𝑦) = 𝑅(𝑠).
Moreover, by (iii), we get 𝑅sim (𝑦) = 𝑅(𝑦) = 𝑅(𝑥) = 𝑅sim (𝑥), and thus, by definition of

𝑃sim, it follows that 𝑦 ∈ 𝑃sim (𝑥), meaning 𝑃 (𝑥) ⊆ 𝑃sim (𝑥), which proves (5). The inclusion

𝑃 (𝑥) ∩ post∗ (𝐼 ) ⊆ 𝑃sim (𝑥) ∩ post∗ (𝐼 ) follows by definition from (5). On the other hand,

pick some 𝑦 ∈ 𝑃sim (𝑥) ∩ post∗ (𝐼 ). Then, by definition of 𝑃sim, we get 𝑅sim (𝑦) = 𝑅sim (𝑥),
and, by (ii), we get that 𝑦 ∈ post∗ (𝐼 ) entails 𝑅(𝑦) = 𝑅(𝑠′) for some 𝑠′ ∈ 𝜎 , while (iii)

implies 𝑅(𝑦) = 𝑅sim (𝑦) = 𝑅sim (𝑥) = 𝑅(𝑥). Thus by definition of 𝑃 , 𝑦 ∈ 𝑃 (𝑥), and, therefore,
𝑃sim (𝑥) ∩ post∗ (𝐼 ) ⊆ 𝑃 (𝑥) ∩ post∗ (𝐼 ).

(v) 𝑠 ∈ 𝜎 ⇒ 𝑃sim (𝑠) = 𝑃sim (𝑃 (𝑠)).
Consider 𝑠 ∈ 𝜎 . Then, by (5), 𝑠 ∈ 𝑃 (𝑠) ⊆ 𝑃sim (𝑠), and, by definition of additive lifting, we

have that

⋃
𝑥∈{𝑠 } 𝑃sim (𝑥) ⊆ ⋃

𝑥∈𝑃 (𝑠 ) 𝑃sim (𝑥) ⊆ ⋃
𝑥∈𝑃sim (𝑠 ) 𝑃sim (𝑥), which, in turn, entails

𝑃sim (𝑠) ⊆ 𝑃sim (𝑃 (𝑠)) ⊆ 𝑃sim (𝑃sim (𝑠)) = 𝑃sim (𝑠), and, therefore, 𝑃sim (𝑠) = 𝑃sim (𝑃 (𝑠)).
(vi) 𝜎 ⊆ post∗ (𝐼 ).

This holds since 𝜎𝑖 ⊆ post∗ (𝐼 ) and updates at lines 13, 26 preserve this property.

Let us show (2.a). Consider 𝑥 ∈ post∗ (𝐼 ). Then, by (ii), there exists some 𝑠 ∈ 𝜎 such that

𝑅(𝑠) = 𝑅(𝑥), and, by (iii), 𝑅(𝑥) = 𝑅sim (𝑥), proving that 𝑅sim (𝑥) ∈ {𝑅(𝑦) | 𝑦 ∈ 𝜎}. On the other

hand, consider a state 𝑠 ∈ 𝜎 . Then, by (vi), we have 𝑠 ∈ post∗ (𝐼 ). Moreover, by (iii), we get

𝑅(𝑠) = 𝑅sim (𝑠), and, thus, we get 𝑅(𝑠) ∈ {𝑅sim (𝑦) | 𝑦 ∈ post∗ (𝐼 )}.
We now prove (2.b). Consider a block 𝑃sim (𝑧) such that 𝑃sim (𝑧) ∩ post∗ (𝐼 ) ≠ ∅, so that 𝑃sim (𝑧) =

𝑃sim (𝑥) for some 𝑥 ∈ post∗ (𝐼 ). By (ii), 𝑅(𝑥) = 𝑅(𝑠) for some 𝑠 ∈ 𝜎 , and, by (iii), 𝑅sim (𝑥) = 𝑅(𝑥) =
𝑅(𝑠) = 𝑅sim (𝑠), meaning that 𝑃sim (𝑠) = 𝑃sim (𝑥) = 𝑃sim (𝑧). Moreover, by (iv), we get 𝑃sim (𝑠) ∩
post∗ (𝐼 ) = 𝑃 (𝑠) ∩ post∗ (𝐼 ), and, by reflexivity of 𝑃 , we get 𝑃sim (𝑧) ∩ post∗ (𝐼 ) ∈ {𝐵 ∩ post∗ (𝐼 ) | 𝐵 ∈
𝑃, 𝐵∩𝜎 ≠ ∅}. For the other inclusion, we consider 𝑃 (𝑧) such that 𝑃 (𝑧) ∩𝜎 ≠ ∅, so that 𝑃 (𝑧) = 𝑃 (𝑠)
for some 𝑠 ∈ 𝜎 and 𝑅(𝑧) = 𝑅(𝑠), by definition of 𝑃 . By (iv), 𝑃 (𝑧) ∩ post∗ (𝐼 ) = 𝑃sim (𝑧) ∩ post∗ (𝐼 ).
Moreover, (vi) entails 𝑠 ∈ 𝑃 (𝑧) ∩ post∗ (𝐼 ), and, therefore, 𝑠 ∈ 𝑃sim (𝑧) ∩ post∗ (𝐼 ), meaning that

𝑃sim (𝑧)∩post∗ (𝐼 ) ≠ ∅. This proves that 𝑃 (𝑧)∩post∗ (𝐼 ) ∈ {𝐵∩post∗ (𝐼 ) | 𝐵 ∈ 𝑃sim, 𝐵∩post∗ (𝐼 ) ≠ ∅}.
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Finally, we prove (2.c). Consider 𝑥 ∈ Σ such that 𝑃 (𝑥) ∈ 𝑃𝜎 . Then, 𝑃 (𝑥) ∈ 𝑃𝜎 entails 𝑃 (𝑥) = 𝑃 (𝑠)
for some 𝑠 ∈ 𝜎 . We now observe that 𝑃 (𝑠) ⊆ 𝑃sim (𝑃 (𝑠)) by extensivity, and, since (v) entails

𝑃sim (𝑃 (𝑠)) = 𝑃sim (𝑠), we conclude that 𝑃 (𝑠) ⊆ 𝑃sim (𝑠). □

As we did for Algorithm 1, we state the correctness result in Theorem 6.1 for finite transition

systems only, allowing for a more concise proof. Nevertheless, the correctness result can be extended

to the infinite system case as follows.

Theorem 6.2 (Correctness of Algorithm 3). Let ⟨𝑅, 𝜎⟩ ∈ Rel(Σ) × ℘(Σ) be the output of
Algorithm 3 on input 𝐺 with 𝑅𝑖 ∈ PreO(Σ) and 𝐼 ⊆ 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover, let 𝑃 ∈ Part(Σ) be the
partition induced by 𝑅. If Assumption 5.5 holds, then conditions (2.a), (2.b), and (2.c) are satisfied.

The extension of the proof to the case of infinite-state transition systems is deferred to Section 9,

as we did for the other correctness proofs.

The following example shows the role of the Expand iterations and of the call of Algorithm 2 at

line 24 in ensuring termination.

Example 6.3. Consider the finite-state system depicted below, where the initial preorder 𝑅𝑖 is

given by 𝑅𝑖 (0) = 𝑅𝑖 (1) = {0, 1}, 𝑅𝑖 (2) = {2}, and 𝑅𝑖 (3) = {2, 3}. Boxes in the diagram gather states

sharing the same principal in 𝑅𝑖 , that is, blocks of the partition induced by 𝑅𝑖 . The simulation

preorder 𝑅sim w.r.t. 𝑅𝑖 is such that 𝑅sim (0) = {0, 1}, 𝑅sim (1) = {1}, 𝑅sim (2) = {2}, and 𝑅sim (3) = {3},
meaning that states 0 and 1 are split in 𝑃sim, and, as for the previous examples, dotted lines delimit

the blocks of 𝑃sim. The initial state is 𝐼 = {0}, and post∗ (𝐼 ) = {0, 2}.

0 1

2 3

Executing Algorithm 3 on input 𝑅𝑖 and 𝜎𝑖 = 𝐼 , we reach 𝜎 = {0, 2} after the first Search iteration.

At this point, 𝑉 = ∅ and𝑈 = {3}, and the state 3 will be inserted into𝑈bad after a further Search
iteration, since 𝜎 = post∗ (𝐼 ) and, therefore, it cannot be expanded any further. Executing an Expand
iteration is then unable to expand 𝜎 since post(𝜎) ⊆ 𝜎 , so that the algorithm will execute the call

SymRef (𝑅, 𝜎) of Algorithm 2 at line 24, thus executing the refinement 𝑅(1) = {1} before returning.
This refinement induces the separation of the states 0 and 1 in the partition 𝑃 induced by the

relation 𝑅 output by the algorithm.

It is worth remarking that the subroutine SymRef (𝑅, 𝜎) plays an important role in this example,

since it induces the split, in the partition 𝑃 induced by the output relation 𝑅, of the two states 0 and

1, ensuring that the reachable state 0 is not erroneously classified as equal to 1. ⋄
As aforementioned, it turns out that Algorithm 3 always terminates on finite state systems.

Theorem 6.4 (Termination of Algorithm 3). Let 𝐺 = (Σ, 𝐼 , 𝐿,�) with |Σ| ∈ N, 𝐼 ⊆ 𝜎𝑖 ⊆
post∗ (𝐼 ), and 𝑅𝑖 ∈ PreO(Σ). Then, Algorithm 3 terminates on input 𝐺 , 𝑅𝑖 and 𝜎𝑖 .

Proof. We first observe that executing the Refine block is guaranteed to remove some state from

at least one principal of the current relation, and since each principal has an initial finite number of

elements, the overall number of Refine iterations is finite. Then, every Expand iteration either adds

some new state to 𝜎 through the update at line 26, or it reaches the return statement at line 24.

Hence, the number of Expand iterations is also finite. Moreover, every Search iteration will either

add some new state to 𝜎 through the update at line 13, or some new state to𝑈bad through the update

at line 16. Thus, since Σ is a finite set, the algorithm will always execute a finite number of Search
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iterations which expand 𝜎 . Finally, the number of Search iterations expanding𝑈bad occurring in

between two iterations resetting𝑈bad to∅ is also finite, since𝑈bad ⊆ Σ and Σ is finite, and observing

that the iterations executing𝑈bad ≔ ∅ are, in turn, either Refine iterations, non-terminating Expand
iterations, or Search iterations expanding 𝜎 , which we have shown to be finitely many, allows us to

conclude that the total number of Search iterations is also finite.

Therefore, since every iteration of the while-loop executes either a Search, Refine or Expand iteration,
the algorithm terminates after a finite number of iterations. Observing that each iteration computes

a finite number of operations, and, in particular, the execution of Algorithm 2 at line 24 is guaranteed

to terminate by Theorem 5.4, completes the proof. □

7 2PR Triples
Symbolic approaches for simulation algorithms based on state partitions are essential and beneficial

for algorithms processing infinite state systems, as shown by Henzinger et al. [1995] for the

symbolic simulation algorithm on infinite graphs and, in particular, hybrid automata. Moreover,

symbolic approaches are also advantageous in terms of space and time efficiency for finite state

systems [Cécé 2017; Crafa et al. 2011; Ranzato 2013]. We introduce 2-Partitions-Relation triples

(2PR), generalizing the partition-relation pairs used in the most efficient simulation algorithms as

a symbolic representation of a relation between states [Cécé 2017; Gentilini et al. 2003; Ranzato

and Tapparo 2010]. We exploit 2PRs to design a symbolic version of Algorithm 1 in Section 8. The

rationale behind the need for 2PRs rather than partition-relation pairs (viz. 1PR) has more to do

with enhancing the presentation and ease of understanding and less to do with limitations of 1PRs.

As we will observe in the upcoming sections, the use of 2PR will improve termination, since our

symbolic algorithm can terminate on many inputs where Algorithm 1 does not.

Definition 7.1 (2PR Triple). Given an (infinite) set Σ, a triple ⟨𝑃, 𝜏,𝑄⟩ with 𝑃,𝑄 ∈ Part(Σ) and
𝜏 : 𝑃 → ℘(𝑄), is a 2-Partitions-Relation (2PR) triple. ⋄

A relation 𝑅 ∈ Rel(Σ) induces a 2PR triple ⟨𝑃𝑅, 𝜏𝑅, 𝑄𝑅⟩ where 𝑃𝑅 and 𝑄𝑅 are the partitions

induced by 𝑅 and 𝑅−1
, respectively, and the function 𝜏𝑅 is given by 𝜏𝑅 (𝐵) ≜ {𝐶 ∈ 𝑄𝑅 | 𝐶 ⊆ 𝑅(𝐵)}.

Conversely, a 2PR triple ⟨𝑃, 𝜏,𝑄⟩ defines a relation 𝑅⟨𝑃,𝜏,𝑄 ⟩ ∈ Rel(Σ) defined as 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ≜
∪𝜏 (𝑃 (𝑥)), i.e., the union of the blocks in 𝜏 (𝑃 (𝑥)). In the following, 𝑅⟨𝑃,𝜏,𝑄 ⟩ is called the relation

underlying the 2PR triple ⟨𝑃, 𝜏,𝑄⟩, when no ambiguity arises. Additionally, we denote with 𝑃⟨𝑃,𝜏,𝑄 ⟩
the partition induced by 𝑅⟨𝑃,𝜏,𝑄 ⟩ , and it is routine to check that 𝑃 ⪯ 𝑃⟨𝑃,𝜏,𝑄 ⟩ .

We prove some properties of 2PR triples.

Property 7.2. For any 𝑅 ∈ Rel(Σ) (thus, no assumption on 𝑅), 𝑅 = 𝑅⟨𝑃𝑅 ,𝜏𝑅 ,𝑄𝑅 ⟩ holds.

Proof. We first observe that for all 𝑥 ∈ Σ, 𝑅(𝑥) = 𝑅(𝑃𝑅 (𝑥)), by additive lifting of 𝑅 over the

elements of 𝑃𝑅 (𝑥), and the fact that 𝑧 ∈ 𝑃𝑅 (𝑥) iff 𝑅(𝑧) = 𝑅(𝑥). Moreover, 𝑃𝑅 and 𝑄𝑅 are both

partitions of Σ, so that, for all 𝑥 ∈ Σ, both 𝑥 ∈ 𝑃𝑅 (𝑥) and 𝑥 ∈ 𝑄𝑅 (𝑥). We prove the two inclusions

for the property.

(⊆): Let 𝑦 ∈ 𝑅(𝑥). Then, by definition of 𝑃𝑅 , 𝑥 ∈ 𝑃𝑅 (𝑥), and, similarly, 𝑦 ∈ 𝑄𝑅 (𝑦). We show

that 𝑄𝑅 (𝑦) ∈ 𝜏𝑅 (𝑃𝑅 (𝑥)): in fact, for all 𝑧 ∈ 𝑄𝑅 (𝑦), 𝑥 ∈ 𝑅−1 (𝑦) = 𝑅−1 (𝑧) holds, and since

𝑅(𝑥) = 𝑅(𝑃𝑅 (𝑥)), we have that 𝑄𝑅 (𝑦) ⊆ 𝑅(𝑃𝑅 (𝑥)). Therefore, 𝑄𝑅 (𝑦) ∈ 𝜏𝑅 (𝑃𝑅 (𝑥)) holds and,
as a consequence, 𝑦 ∈ 𝑄𝑅 (𝑦) ⊆ ∪𝜏𝑅 (𝑃𝑅 (𝑥)) = 𝑅⟨𝑃𝑅 ,𝜏𝑅 ,𝑄𝑅 ⟩ (𝑥).
(⊇): Let 𝑦 ∈ 𝑅⟨𝑃𝑅 ,𝜏𝑅 ,𝑄𝑅 ⟩ (𝑥). Then, 𝑄𝑅 (𝑦) ∈ 𝜏𝑅 (𝑃𝑅 (𝑥)), and, therefore, 𝑄𝑅 (𝑦) ⊆ 𝑅(𝑃𝑅 (𝑥)) holds.

Since 𝑄𝑅 is a partition and 𝑅(𝑃𝑅 (𝑥)) = 𝑅(𝑥), we have that 𝑦 ∈ 𝑄𝑅 (𝑦) ⊆ 𝑅(𝑥), thus completing the

proof. □

It turns out that 2PR triples encoding reflexive relations can be characterized by extensivity of

the map 𝜆𝐵 ∈ 𝑃 . ∪𝜏 (𝐵).
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Property 7.3. Let ⟨𝑃, 𝜏,𝑄⟩ be a 2PR triple over Σ. Then,

𝑅⟨𝑃,𝜏,𝑄 ⟩ is reflexive ⇔ ∀𝐵 ∈ 𝑃 . 𝐵 ⊆ ∪𝜏 (𝐵) .

Proof. We prove the two implications.

(⇒): Let 𝐵 ∈ 𝑃 and 𝑥 ∈ 𝐵. Then, by reflexivity, 𝑥 ∈ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = ∪𝜏 (𝑃 (𝑥)) = ∪𝜏 (𝐵).
(⇐): Let 𝑥 ∈ Σ. Then, by extensivity of ∪𝜏 , it holds 𝑥 ∈ 𝑃 (𝑥) ⊆ ∪𝜏 (𝑃 (𝑥)) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥). □

Finally, it turns out that 2PR triples induced by preorders enjoy the following property.

Property 7.4. Let 𝑅 be a preorder and ⟨𝑃𝑅, 𝜏𝑅, 𝑄𝑅⟩ be the induced 2PR triple. Then, 𝑃𝑅 =𝑄𝑅 .

Proof. We observe that since 𝑅 is a preorder, then 𝑅−1
is a preorder too, and, therefore, since

𝑃𝑅 = 𝑅 ∩ 𝑅−1
, then 𝑄𝑅 = 𝑅−1 ∩ (𝑅−1)−1. Observing that 𝑅−1 ∩ (𝑅−1)−1 = 𝑅 ∩ 𝑅−1

completes the

proof. □

8 A Symbolic Algorithm
We use 2PR triples to design Algorithm 4 as a refinement of Algorithm 1 representing 𝑅 as a

2PR triple. Algorithm 4 is in symbolic logical form, meaning that it symbolically represents and

processes state relations as 2PR triples ⟨𝑃, 𝜏,𝑄⟩. The refinement process of this algorithm preserves

reflexivity of the underlying relation (as in Algorithm 1) and during execution, for each state 𝑥 ,

the set 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) includes the states candidate to simulate 𝑥 , and the states in 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) are
candidates to be simulation equivalent to 𝑥 . As we will discuss in Section 8, 2PR triples bring

benefits in terms of termination on infinite systems: intuitively, removing blocks from 𝜏 (𝐵), for
some block 𝐵 ∈ 𝑃 , updates the principal 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑏) for every 𝑏 ∈ 𝐵 at once, and therefore enables

the refinement of infinitely many principals in a single step.

Following the idea of Algorithm 1, this symbolic procedure computes a set of principals {∪𝜏 (𝐵) |
∪𝜏 (𝐵) ∩ 𝜎 ≠ ∅}𝐵∈𝑃 , each of which is provably reachable. A block 𝐵 is in 𝑈 at line 8 if ∪𝜏 (𝐵)
contains no provably reachable state, while it contains either an initial state or a successor of a

provably reachable state. Also, the set 𝑉 at line 11 contains unstable triples, i.e., ⟨𝑎, 𝐵,𝐶⟩ is in 𝑉 iff

∪𝜏 (𝐵) is provably reachable and there exist 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶 such that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑏) is 𝑎-unstable w.r.t.
𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑐). Algorithm 4 either updates reachability for the principal of some block in 𝑈 , executing

a Search iteration, or stabilizes the pair of blocks associated to some triple in 𝑉 , executing a Refine
iteration. Refine iterations 𝑎-stabilize a pair of blocks (𝐵,𝐶) by possibly splitting 𝐵 into 𝐵 ∩ pre𝑎 (𝐶)
and 𝐵 ∖ pre𝑎 (𝐶) (lines 13–15). Then, it refines the principal ∪𝜏 (𝐵 ∩ pre𝑎 (𝐶)) at lines 16–18 by

first splitting blocks of 𝑄 , if they contain states occurring in different sets of principals (for the

current relation 𝑅⟨𝑃,𝜏,𝑄 ⟩), and, successively, by removing at line 19 all the blocks not contained in

pre𝑎 (∪𝜏 (𝐶)).
At termination, 𝑅𝜎

⟨𝑃,𝜏,𝑄 ⟩ coincides with the set of reachable principals of 𝑅sim (cf. (3.a) below),

while we obtain an over-approximation of 𝑃
post∗ (𝐼 )
sim

(cf. (3.b) below). Similarly to Algorithm 1, the

term “over-approximation” is w.r.t. the set 𝑃
post∗ (𝐼 )
sim

itself, and not to the contained blocks, whose

elements are computed in an exact way (that is, we are approximating by over-reachability, according
to the definition in Section 6.1). We point out that (3.a) and (3.b) are 2PR-based reformulations of,

respectively, (1.a) and (1.b).

Theorem 8.1 (Finite Correctness of Algorithm 4). Let ⟨𝑃, 𝜏,𝑄, 𝜎⟩ be the output of Algo-
rithm 4 on input 𝐺 with |Σ| ∈ N, 𝑅𝑖 ∈ PreO(Σ), and 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover, let 𝑃⟨𝑃,𝜏,𝑄 ⟩ ∈ Part(Σ)
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Algorithm 4: 2PR-based Algorithm
Input: TS 𝐺 = (Σ, 𝐼 , 𝐿,�), 𝑅𝑖 ∈ PreO(Σ), an initial finite set 𝜎𝑖 ⊆ post∗ (𝐼 )

1 Part(Σ) ∋ 𝑃,𝑄 ≔ {𝑦 ∈ Σ | 𝑅𝑖 (𝑥) = 𝑅𝑖 (𝑦)}𝑥∈Σ;
2 forall 𝐵 ∈ 𝑃 do ℘(𝑄) ∋ 𝜏 (𝐵) ≔ {𝐶 ∈ 𝑄 | 𝐶 ⊆ 𝑅𝑖 (𝐵)};
3 ℘(Σ) ∋ 𝜎 ≔ 𝜎𝑖 ;

4 while true do

// Inv1:∀𝑥 ∈ Σ. 𝑅sim (𝑥) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊆ 𝑅𝑖 (𝑥)
// Inv2:𝜎𝑖 ⊆ 𝜎 ⊆ post∗ (𝐼 )
// Inv3:∀𝐵 ∈ 𝑃 . 𝐵 ⊆ ∪𝜏 (𝐵)

5 𝑈 ≔ {𝐵 ∈ 𝑃 | ∪𝜏 (𝐵) ∩ 𝜎 = ∅, ∪𝜏 (𝐵) ∩ (𝐼 ∪ post(𝜎)) ≠ ∅};
6 𝑉≔{⟨𝑎, 𝐵,𝐶⟩ ∈ 𝐿 × 𝑃2 | ∪𝜏 (𝐵) ∩ 𝜎 ≠ ∅, 𝐵 ∩ pre𝑎 (𝐶) ≠ ∅, ∪𝜏 (𝐵) ⊈ pre𝑎 (∪𝜏 (𝐶))};
7 nif

8 (𝑈 ≠ ∅) −→ Search :

9 choose 𝐵 ∈ 𝑈 , 𝑠 ∈ (∪𝜏 (𝐵) ∩ (𝐼 ∪ post(𝜎)));
10 𝜎 ≔ 𝜎 ∪ {𝑠};
11 (𝑉 ≠ ∅) −→ Refine :
12 choose ⟨𝑎, 𝐵,𝐶⟩ ∈ 𝑉 ; 𝑆 ≔ pre𝑎 (∪𝜏 (𝐶));
13 𝐵′ ≔ 𝐵 ∩ pre𝑎 (𝐶); 𝐵′′ ≔ 𝐵 ∖ pre𝑎 (𝐶);
14 𝑃 .replace(𝐵, {𝐵′, 𝐵′′});
15 𝜏 (𝐵′) ≔ 𝜏 (𝐵); 𝜏 (𝐵′′) ≔ 𝜏 (𝐵);
16 forall 𝑋 ∈ {𝐸 ∈ 𝜏 (𝐵′) | 𝐸 ∩ 𝑆 ≠ ∅, 𝐸 ⊈ 𝑆} do
17 𝑄.replace(𝑋, {𝑋 ∩ 𝑆, 𝑋 ∖ 𝑆});
18 foreach 𝐴 ∈ 𝑃 do 𝜏 (𝐴).replace(𝑋, {𝑋 ∩ 𝑆, 𝑋 ∖ 𝑆});
19 𝜏 (𝐵′) ≔ {𝐸 ∈ 𝜏 (𝐵′) | 𝐸 ⊆ 𝑆};
20 (𝑈 = ∅ ∧𝑉 = ∅) −→ return ⟨𝑃, 𝜏,𝑄, 𝜎⟩;

be the partition induced by 𝑅⟨𝑃,𝜏,𝑄 ⟩ . Then:

𝑅
post∗ (𝐼 )
sim

= 𝑅𝜎
⟨𝑃,𝜏,𝑄 ⟩ , (3.a)

𝑃
post∗ (𝐼 )
sim

⊆ {𝐵 ∈ 𝑃⟨𝑃,𝜏,𝑄 ⟩ | 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝐵) ∩ 𝜎 ≠ ∅} . (3.b)

Proof. The proof follows the same pattern as the correctness proof of Algorithm 1, where

𝑅⟨𝑃,𝜏,𝑄 ⟩ plays the role of 𝑅 in Theorem 5.3. We show some preliminary properties for the algorithm:

(i) At each iteration: 𝐵 ⊆ ∪𝜏 (𝐵) for all 𝐵 ∈ 𝑃 .

This holds at initialization because 𝑅𝑖 is a preorder. We show that the property is preserved

at each Refine step. Suppose that a triple ⟨𝑎, 𝐵,𝐶⟩ is picked for refinement, and let ⟨𝑃 ′, 𝜏 ′, 𝑄 ′⟩
be the 2PR triple after execution of the Refine block. We notice that for all 𝑋 ∈ 𝑃 , 𝑋 ≠ 𝐵 ⇒
∪𝜏 (𝑋 ) = ∪𝜏 ′ (𝑋 ), and that ∪𝜏 ′ (𝐵′′) = ∪𝜏 (𝐵), since the only statement removing states from

∪𝜏 (𝑋 ), for some block 𝑋 , is at line 19. We now take 𝑥 ∈ 𝐵′ = 𝐵 ∩ pre𝑎 (𝐶) and proceed to

show that 𝑥 ∈ ∪𝜏 ′ (𝐵′). Since 𝑥 ∈ pre𝑎 (𝐶) ⊆ pre𝑎 (∪𝜏 (𝐶)), we have that 𝑥 ∈ 𝑆 , and, therefore,

𝑄 (𝑥) ∩ 𝑆 ≠ ∅. We now distinguish two cases to show that 𝑄 ′ (𝑥) ⊆ 𝑆 :

(𝑄 (𝑥) ⊆ 𝑆): Thus, 𝑄 (𝑥) is not split and 𝑄 ′ (𝑥) =𝑄 (𝑥) ⊆ 𝑆 .

(𝑄 (𝑥) ⊈ 𝑆): Thus, 𝑄 (𝑥) is split and 𝑄 ′ (𝑥) = 𝑋 ∩ 𝑆 ⊆ 𝑆 by definition.
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Therefore, since 𝑄 ′ (𝑥) ⊆ 𝑆 holds, we have that 𝑄 ′ (𝑥) ∈ 𝜏 (𝐵′) after line 19, and, therefore,
we conclude 𝑥 ∈ ∪𝜏 ′ (𝐵′), completing the proof.

(ii) At each iteration: ∀𝑥 ∈ Σ. 𝑅sim (𝑥) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊆ 𝑅𝑖 (𝑥).
This holds at initialization since 𝑅⟨𝑃𝑅𝑖 ,𝜏𝑅𝑖 ,𝑄𝑅𝑖

⟩ = 𝑅𝑖 . Then, we show that every Refine step
preserves the invariant. Let us consider a Refine iteration, the corresponding 2PR triple

⟨𝑃, 𝜏,𝑄⟩ for which the property holds, the triple ⟨𝑎, 𝐵,𝐶⟩ ∈ 𝑉 selected for refinement, and the

2PR triple ⟨𝑃 ′, 𝜏 ′, 𝑄 ′⟩ at the end of the Refine block. We first note that 𝑥 ∉ 𝐵 ⇒ ∪𝜏 (𝑃 (𝑥)) =
∪𝜏 ′ (𝑃 ′ (𝑥)), and, similarly, 𝑥 ∈ 𝐵 ∖ pre𝑎 (𝐶) ⇒ ∪𝜏 (𝑃 (𝑥)) = ∪𝜏 ′ (𝑃 ′ (𝑥)), since the Refine
step splits no block in 𝑃 other than 𝐵 and updates the underlying principal for states in

𝐵 ∩ pre𝑎 (𝐶) only. Thus, we proceed by assuming 𝑥 ∈ 𝐵 ∩ pre𝑎 (𝐶), and show that for

every 𝑦 ∈ ∪𝜏 (𝑃 (𝑥)) ∖ ∪𝜏 ′ (𝑃 ′ (𝑥)), we have that 𝑦 ∉ 𝑅sim (𝑥). To do so, we observe that

𝑄 ′ (𝑦) ∉ 𝜏 ′ (𝑃 ′ (𝑥)) implies that line 19 removed the block𝑄 ′ (𝑦), thus meaning that𝑄 ′ (𝑦) ⊈ 𝑆 .

We now show that 𝑦 ∉ 𝑆 by distinguishing two cases:

(𝑄 (𝑦) ∩ 𝑆 = ∅): This case entails 𝑦 ∉ 𝑆 trivially, by definition of intersection.

(𝑄 (𝑦) ∩ 𝑆 ≠ ∅): Since 𝑄 ′ (𝑦) ⊆ 𝑄 (𝑦), we have that 𝑄 (𝑦) ⊈ 𝑆 , meaning that the block 𝑄 (𝑦)
was split during the Refine step, that is, either 𝑄 ′ (𝑦) = 𝑄 (𝑦) ∩ 𝑆 or 𝑄 ′ (𝑦) = 𝑄 (𝑦) ∖ 𝑆 . The

case 𝑄 ′ (𝑦) = 𝑄 (𝑦) ∩ 𝑆 cannot happen since it would lead to the contradiction 𝑄 ′ (𝑦) ⊆ 𝑆 .

Therefore, it must be the case that 𝑄 ′ (𝑦) =𝑄 (𝑦) ∖ 𝑆 . Observing that 𝑦 ∈ 𝑄 ′ (𝑦), we conclude
that 𝑦 ∉ 𝑆 .

We now observe that, since 𝑥 ∈ 𝐵 ∩ pre𝑎 (𝐶), there exists some 𝑥 ′ ∈ 𝐶 such that 𝑥
𝑎→ 𝑥 ′.

Since 𝑦 ∉ 𝑆 and 𝑅sim (𝑥 ′) ⊆ ∪𝜏 (𝑃 (𝑥 ′)), we can conclude that 𝑦 ∉ pre𝑎 (𝑅sim (𝑥 ′)) ⊆ 𝑆 , which,

together with 𝑥 � 𝑥 ′, implies 𝑦 ∉ 𝑅sim (𝑥), thus proving that 𝑅sim (𝑥) ⊆ 𝑅⟨𝑃 ′,𝜏 ′,𝑄 ′ ⟩ (𝑥) holds.
We now observe that the Refine step only removes blocks from 𝜏 , and therefore ∪𝜏 ′ (𝑃 ′ (𝑥)) ⊆
∪𝜏 (𝑃 (𝑥)) holds for every 𝑥 ∈ Σ. This proves that 𝑅⟨𝑃 ′,𝜏 ′,𝑄 ′ ⟩ (𝑥) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊆ 𝑅𝑖 (𝑥) holds.

(iii) At termination: 𝑥 ∈ post∗ (𝐼 ) ⇒ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅.
This is proven by induction on 𝑛 ∈ N such that 𝐼 �𝑛 𝑥 . If 𝑛 = 0 then 𝑥 ∈ 𝐼 , so that, since, by (i),

𝑃 (𝑥) ⊆ ∪𝜏 (𝑃 (𝑥)), and 𝑥 ∈ 𝑃 (𝑥), it turns out that ∪𝜏 (𝑃 (𝑥))∩ (𝐼 ∪post(𝜎)) ≠ ∅. Hence,𝑈 = ∅
implies that ∪𝜏 (𝑃 (𝑥)) ∩ 𝜎 ≠ ∅. If 𝑛 > 0 then 𝐼 �𝑛 𝑥 ′

𝑎→ 𝑥 , and, by inductive hypothesis,

∪𝜏 (𝑃 (𝑥 ′)) ∩ 𝜎 ≠ ∅. Therefore, since 𝑉 = ∅, and 𝑃 (𝑥 ′) ∩ pre𝑎 (𝑃 (𝑥)) ≠ ∅, then ∪𝜏 (𝑃 (𝑥 ′)) ⊆
pre𝑎 (∪𝜏 (𝑃 (𝑥))) must hold. Thus, pre𝑎 (∪𝜏 (𝑃 (𝑥))) ∩𝜎 ≠ ∅, so that ∪𝜏 (𝑃 (𝑥)) ∩ post𝑎 (𝜎) ≠ ∅.
Hence,𝑈 = ∅ implies ∪𝜏 (𝑃 (𝑥)) ∩ 𝜎 ≠ ∅.

(iv) At termination: ∀𝑥 ∈ Σ. 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅ ⇒ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥).
Let Sim be the basic simulation algorithm recalled as Algorithm 5 in Section 9. By (ii),

𝑅sim ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ ⊆ 𝑅𝑖 . Thus, Sim(𝑅⟨𝑃,𝜏,𝑄 ⟩) = 𝑅sim because 𝑅sim = Sim(𝑅sim) ⊆ Sim(𝑅⟨𝑃,𝜏,𝑄 ⟩) ⊆
Sim(𝑅𝑖 ) = 𝑅sim. Assume, by contradiction, that S ≜ {𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∈ ℘(Σ) | 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠

∅, 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ≠ 𝑅sim (𝑥)} ≠ ∅, so that each 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∈ S, will be refined at some iteration

of Sim(𝑅⟨𝑃,𝜏,𝑄 ⟩). Then, let 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∈ S be the first principal in S such that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥)
is refined by Sim at some iteration it whose current relation is 𝑅′

. Thus, each principal

𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧) ∈ S is such that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧) = 𝑅′ (𝑧), because no principal in S was refined by

Sim before this iteration it. Let 𝑅′ (𝑦) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) be the principal of 𝑅′
used by Sim in

this iteration it to refine 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥), so that 𝑥
𝑎→ 𝑦 and 𝑅′ (𝑥) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊈ pre𝑎 (𝑅′ (𝑦)).

By termination of Algorithm 4, it holds that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅, 𝑃 (𝑥) ∩ pre(𝑃 (𝑦)) ≠ ∅,
so that 𝑉 = ∅ entails ∪𝜏 (𝑃 (𝑥)) ⊆ pre𝑎 (∪𝜏 (𝑃 (𝑦))). Hence, ∪𝜏 (𝑃 (𝑥)) ∩ 𝜎 ≠ ∅ implies

∪𝜏 (𝑃 (𝑦)) ∩post𝑎 (𝜎) ≠ ∅, so that𝑈 = ∅ entails ∪𝜏 (𝑃 (𝑦)) ∩𝜎 ≠ ∅, that is, 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) ∩𝜎 ≠ ∅.
If𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) ∉ S then𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦)∩𝜎 ≠ ∅ implies𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) = 𝑅sim (𝑦) ⊆ 𝑅′ (𝑦) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦),
so that 𝑅′ (𝑦) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) holds. If 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) ∈ S then, since 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) is the first principal
in S to be refined by Sim, we have that 𝑅′ (𝑦) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) holds. Thus, in both cases, 𝑅′ (𝑦) =
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𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) must hold, so that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊈ pre𝑎 (𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦)), which provides a contradiction

to ∪𝜏 (𝑃 (𝑥)) ⊆ pre𝑎 (∪𝜏 (𝑃 (𝑦))). Thus, S = ∅ must hold, and, in turn, 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥).
(v) At each iteration: 𝜎 ⊆ post∗ (𝐼 ).

This follows because 𝜎𝑖 ⊆ post∗ (𝐼 ), 𝜎 is updated at line 10 of Algorithm 4 by adding 𝑠 ∈
𝐼 ∪ post(𝜎), and by the fact that post∗ (𝐼 ) is the least fixpoint of 𝜆𝑋 .𝐼 ∪ post(𝑋 ).

(vi) At termination: 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅ ⇒ 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑃sim (𝑥).
We first observe that, assuming 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅, and considering 𝑠 ∈ 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 , we

find that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = ∪𝜏 (𝑃 (𝑥)) = ∪𝜏 (𝑃 (𝑠)) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠). Moreover, since by (i), 𝑠 ∈ 𝑃 (𝑠) ⊆
∪𝜏 (𝑃 (𝑠)) then 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) ∩ 𝜎 ≠ ∅. Therefore, by (iv), 𝑅sim (𝑥) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) =
𝑅sim (𝑠). We prove the two inclusions of 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑃sim (𝑥) separately.
(⊆): Assume 𝑦 ∈ 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥), then ∪𝜏 (𝑃 (𝑦)) = ∪𝜏 (𝑃 (𝑥)), and since ∪𝜏 (𝑃 (𝑥)) ∩ 𝜎 ≠ ∅, then
∪𝜏 (𝑃 (𝑦)) ∩ 𝜎 ≠ ∅. Finally, (iv) entails 𝑅sim (𝑦) = ∪𝜏 (𝑃 (𝑦)) = ∪𝜏 (𝑃 (𝑥)) = 𝑅sim (𝑥), thus
proving 𝑦 ∈ 𝑃sim (𝑥).
(⊇): Assume 𝑦 ∈ 𝑃sim (𝑥), then 𝑅sim (𝑦) = 𝑅sim (𝑥) = 𝑅sim (𝑠). Moreover, since 𝑠 ∈ 𝜎 , and

𝑠 ∈ 𝑅sim (𝑠), we get 𝑅sim (𝑦) ∩ 𝜎 ≠ ∅. Thus, since, by (ii), 𝑅sim (𝑦) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦), we have that
𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) ∩ 𝜎 ≠ ∅. Therefore, (iv) entails 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) = 𝑅sim (𝑦), and therefore 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) =
𝑅sim (𝑦) = 𝑅sim (𝑥) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) holds, proving that ∪𝜏 (𝑃 (𝑦)) = ∪𝜏 (𝑃 (𝑥)), so that 𝑦 ∈
𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥).

Let us now show (3.a).

(⊆) Let 𝑥 ∈ Σ such that 𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅. Thus, there exists 𝑠 ∈ post∗ (𝐼 ) such that

𝑠 ∈ 𝑅sim (𝑥). By (iii), 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) ∩ 𝜎 ≠ ∅. By (iv), 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) = 𝑅sim (𝑠). Moreover, 𝑠 ∈ 𝑅sim (𝑥)
implies 𝑅sim (𝑠) ⊆ 𝑅sim (𝑅sim (𝑥)) = 𝑅sim (𝑥), and since, by (ii), 𝑅sim (𝑥) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥), we obtain

𝑅sim (𝑠) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥). Thus, 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) ⊆ 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) holds, so that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑠) ∩ 𝜎 ≠ ∅ entails

𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩ 𝜎 ≠ ∅, and in turn, by (iv), 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥).
(⊇) Let 𝑥 ∈ Σ such that 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥)∩𝜎 ≠ ∅. By (iv), 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥), so that 𝑅sim (𝑥)∩𝜎 ≠ ∅.

By (v), 𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅.
Let us now prove (3.b). Let 𝑥 ∈ Σ such that 𝑃sim (𝑥)∩post∗ (𝐼 ) ≠ ∅. Since 𝑃sim (𝑥) ⊆ 𝑅sim (𝑥), we have
that 𝑅sim (𝑥) ∩ post∗ (𝐼 ) ≠ ∅. Let 𝑦 ∈ 𝑃sim (𝑥). Observe that 𝑃sim (𝑥) = {𝑧 ∈ Σ | 𝑅sim (𝑥) = 𝑅sim (𝑧)}.
Thus, 𝑅sim (𝑥) = 𝑅sim (𝑦), so that 𝑅sim (𝑦) ∩ post∗ (𝐼 ) ≠ ∅. Thus, by (3.a), 𝑅sim (𝑦) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) and
𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦) ∩ 𝜎 ≠ ∅. In particular, 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥) = 𝑅sim (𝑦) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑦).
Therefore, 𝑃sim (𝑥) ⊆ {𝑦 ∈ Σ | ∪𝜏 (𝑃 (𝑥)) = ∪𝜏 (𝑃 (𝑦))} = 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥). On the other hand, if

𝑧 ∈ 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) then 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧) = ∪𝜏 (𝑃 (𝑧)) = ∪𝜏 (𝑃 (𝑥)) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥), so that ∪𝜏 (𝑃 (𝑥)) ∩ 𝜎 ≠ ∅
implies 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧) ∩ 𝜎 ≠ ∅. Thus, by (3.a), 𝑅sim (𝑧) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧). Hence, 𝑅sim (𝑧) = 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑧) =
𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑅sim (𝑥), thus proving that 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ⊆ 𝑃sim (𝑥), and therefore 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑃sim (𝑥)
holds. Finally, since 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑥) ∩𝜎 ≠ ∅, then 𝑥 ∈ 𝑃 (𝑥) ⊆ 𝑃⟨𝑃,𝜏,𝑄 ⟩ (𝑥) = 𝑃sim (𝑥) holds (since 𝑃⟨𝑃,𝜏,𝑄 ⟩
is coarser than 𝑃 ). Thus, we obtain 𝑅⟨𝑃,𝜏,𝑄 ⟩ (𝑃sim (𝑥)) ∩ 𝜎 ≠ ∅, and consequently (3.b) holds. □

As we did for Algorithm 1 and Theorem 5.3, we extend the correctness result of Theorem 8.1 to

infinite state transition systems as follows:

Theorem 8.2 (Correctness of Algorithm 4). Let ⟨𝑃, 𝜏,𝑄, 𝜎⟩ be the output of Algorithm 4 on
input 𝐺 , 𝑅𝑖 ∈ PreO(Σ), and 𝜎𝑖 ⊆ post∗ (𝐼 ). Moreover, let 𝑃⟨𝑃,𝜏,𝑄 ⟩ ∈ Part(Σ) be the partition induced
by 𝑅⟨𝑃,𝜏,𝑄 ⟩ . If Assumption 5.5 holds, then conditions (3.a) and (3.b) are satisfied.

The details on how the proof of Theorem 8.1 can be extended to infinite state inputs are given in

Section 9.
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8.1 Implementations based on Region Algebras
We now illustrate a suitable representation for blocks of states which is needed to make the

algorithm effective. What we need is a so-called region algebra, as described by Henzinger et al.

[2005], consisting of a set R of regions, endowed with the operations listed below, and an extension

(or interpretation) function ⌈·⌉ : R � ℘(Σ)mapping each region onto the states it contains. Encoding

the input 𝑅𝑖 as a 2PR triple over regions consistently with lines 1–2 of Algorithm 4 allows us to

delineate, by observing the algorithm’s structure, the following requirements for our region algebra:

(1) Given 𝑠 ∈ Σ (or, at least, 𝑠 ∈ post∗ (𝐼 )), and 𝑟 ∈ R, decide if post(𝑠) ∩ ⌈𝑟⌉ ≠ ∅ holds and return

an element in the intersection unless it is empty;

(2) For a region 𝑟 and 𝑎 ∈ 𝐿, compute a region pre𝑎 (𝑟 ) such that ⌈pre𝑎 (𝑟 )⌉ = pre𝑎 (⌈𝑟⌉);
(3) For a pair of regions 𝑟, 𝑟 ′, compute a region 𝑟 ∩ 𝑟 ′ such that ⌈𝑟 ∩ 𝑟 ′⌉ = ⌈𝑟⌉ ∩ ⌈𝑟 ′⌉, and a region

𝑟 ∖ 𝑟 ′ such that ⌈𝑟 ∖ 𝑟 ′⌉ = ⌈𝑟⌉ ∖ ⌈𝑟 ′⌉;
(4) For a region 𝑟 , decide if ⌈𝑟⌉ = ∅ holds.

Typical examples of regions exploit symbolic constraints such as logical formulas and constraints,

such as 1 ≤ 𝑥 ≤ 9 ∧ 𝑥 ′ = 𝑥 + 1. Once such a region algebra is defined, the input to Algorithm 4

will be: the region algebra (composed of the operators listed in points (1)–(4) above), the initial set

𝜎𝑖 , and a 2PR triple initialized by lines 1–2 of Algorithm 4 and encoding the initial preorder. The

logical structure of the algorithm is then implemented by using the region algebra operators in

input.

8.2 Termination and Complexity of Algorithm 4
We provide two conditional termination results for Algorithm 4, together with complexity bounds

on the total number of its iterations. These results rely on progression guarantees and on the fact

that the partitions 𝑃 and 𝑄 are coarser than 𝑃bis throughout the execution. Our first conditional

termination result is reminiscent of [Lee and Yannakakis 1992, Th. 3.1 and the following paragraph

therein] (note that the results by Lee and Yannakakis [1992] come with no proof sketches or formal

proofs), and applies when the bisimulation partition 𝑃bis is finite. Under that hypothesis, Algorithm 4

carries out a total number of iterations which is at most quadratic in the size of 𝑃bis.

We first introduce some preliminary results which are key to deriving our termination guarantees.

Lemma 8.3 (Refine Progression of Algorithm 4). Assume ⟨𝑃, 𝜏,𝑄⟩ and ⟨𝑃 ′, 𝜏 ′, 𝑄 ′⟩ be the
2PR triples, respectively, before and after executing a Refine iteration in Algorithm 4. Then, 𝑅⟨𝑃 ′,𝜏 ′,𝑄 ′ ⟩ ⊊
𝑅⟨𝑃,𝜏,𝑄 ⟩ holds.

Proof. Let us define 𝑅 ≜ 𝑅⟨𝑃,𝜏,𝑄 ⟩ and 𝑅
′ ≜ 𝑅⟨𝑃 ′,𝜏 ′,𝑄 ′ ⟩ . Moreover, let ⟨𝑎, 𝐵,𝐶⟩ be the element of

𝑉 picked for refinement during the Refine iteration. By definition of 𝑉 , ∪𝜏 (𝐵) ∖ pre𝑎 (∪𝜏 (𝐶)) ≠ ∅.
We observe that by definition of 𝑉 , 𝐵 ∩ pre𝑎 (𝐶) ≠ ∅, so that 𝐵′

is nonempty at line 13. Let

𝑦 ∈ ∪𝜏 (𝐵) ∖ pre𝑎 (∪𝜏 (𝐶)), so that, by definition, 𝑦 ∈ 𝑅(𝑏). Now, we observe that 𝑄 (𝑦) ∈ 𝜏 (𝐵), and,
since 𝑦 ∈ 𝑄 (𝑦), we have that 𝑄 ⊈ pre𝑎 (∪𝜏 (𝐶)) = 𝑆 . Finally, since 𝑄 ′

forms a partition, 𝑦 ∈ 𝑄 ′ (𝑦),
so that 𝑄 ′ (𝑦) ⊈ 𝑆 at line 19. This allows us to conclude that 𝑄 ′ (𝑦) ∉ 𝜏 ′ (𝐵′). Thus, for 𝑏 ∈ 𝐵′

,

we conclude that 𝑦 ∈ 𝑅(𝑏), and 𝑦 ∉ 𝑅′ (𝑏), thus proving that the underlying relation has been

updated. □

Lemma 8.4. Let 𝐺 , 𝑅𝑖 ∈ PreO(Σ), and 𝜎𝑖 ⊆ post∗ (𝐼 ) be the input of Algorithm 4. Moreover, let
𝑃bis ∈ Part(Σ) be the bisimulation partition w.r.t. the partition 𝑃𝑖 induced by 𝑅𝑖 . Then, at every iteration,
𝑃bis ⪯ 𝑃 and 𝑃bis ⪯ 𝑄 hold.

Proof. The proof is by induction over the iterations. The base case is trivial since at initialization

𝑃 =𝑄 = 𝑃𝑖 , and, by definition, 𝑃bis ⊆ 𝑃𝑖 . We now observe that iterations executing a Search step do
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not update the 2PR triple, and therefore it is enough to show that the Refine iterations preserve the
invariant.

Assume that, at the beginning of a Refine iteration, 𝑃bis ⊆ 𝑃 and 𝑃bis ⊆ 𝑄 . Let 𝑃 ′
and 𝑄 ′

be, resp.,

the two partitions computed at the end of this iteration, and ⟨𝑎, 𝐵,𝐶⟩ be the triple selected for

refinement.

We first consider the case 𝑃 ≠ 𝑃 ′
where, therefore, 𝐵 has been split. We proceed by contradiction:

suppose that there exist two states 𝑥 ∈ 𝐵∩pre𝑎 (𝐶) and 𝑦 ∈ 𝐵 ∖pre𝑎 (𝐶) which have been separated

by a split in the current iteration, and such that 𝑃bis (𝑥) = 𝑃bis (𝑦). Now, since 𝑥 ∈ pre𝑎 (𝐶), there
exists 𝑥

𝑎→ 𝑥 ′ ∈ 𝐶 , and, by definition of bisimulation, there exists 𝑦′ such that 𝑦
𝑎→ 𝑦′ and

𝑃bis (𝑥 ′) = 𝑃bis (𝑦′). Since, by inductive hypothesis, 𝑃bis ⊆ 𝑃 , then 𝑃bis (𝑥 ′) ⊆ 𝑃 (𝑥 ′) = 𝐶 , and,

therefore, 𝑦′ ∈ 𝑃bis (𝑦′) = 𝑃bis (𝑥 ′) ⊆ 𝐶 implies 𝑦′ ∈ 𝐶 . This allows us to conclude 𝑦 ∈ pre𝑎 (𝐶),
which gives a contradiction to 𝑦 ∈ 𝐵 ∖ pre𝑎 (𝐶).
We consider the remaining case 𝑄 ≠ 𝑄 ′

, and assume, by contradiction, that two states 𝑥 , 𝑦 such

that 𝑃bis (𝑥) = 𝑃bis (𝑦) have been separated by a split during the current iteration. Let𝑋 ≜ 𝑄 (𝑥) be the
block of𝑄 containing 𝑥 (and𝑦) at the beginning of the iteration. Borrowing the notation from line 12,

we recall that 𝑆 = pre𝑎 (∪𝜏 (𝐶)), and assume, w.l.o.g., that 𝑥 ∈ 𝑋 ∩ 𝑆 and 𝑦 ∈ 𝑋 ∖ 𝑆 (the symmetric

case is identical). Therefore, there exists 𝑥
𝑎→ 𝑥 ′ ∈ ∪𝜏 (𝐶), and, by definition of bisimulation, we

obtain that there exists 𝑦′ such that 𝑦
𝑎→ 𝑦′ and 𝑃bis (𝑥 ′) = 𝑃bis (𝑦′). Since, by inductive hypothesis,

𝑃bis ⊆ 𝑄 , then 𝑃bis (𝑥 ′) ⊆ 𝑄 (𝑥 ′) ⊆ ∪𝜏 (𝐶). Therefore, 𝑦′ ∈ 𝑃bis (𝑦′) = 𝑃bis (𝑥 ′) ⊆ ∪𝜏 (𝐶), this implies

𝑦 ∈ pre𝑎 (∪𝜏 (𝐶)) = 𝑆 , thus giving a contradiction to 𝑦 ∈ 𝑋 ∖ 𝑆 . □

Lemma 8.5. For any Search iteration of Algorithm 4, let 𝜎 and 𝑠 be, respectively, the set 𝜎 at the
start of the iteration and the state 𝑠 selected at line 9. Then, 𝑃bis (𝑠) ∩ 𝜎 = ∅ holds.

Proof. Consider a Search iteration and let (𝐵, 𝑠) be, resp., the block and state selected at line 9.

Suppose, by contradiction, that 𝑃bis (𝑠) ∩ 𝜎 ≠ ∅. Theorem 8.4 shows that 𝑄 is coarser than 𝑃bis,

hence 𝑃bis (𝑠) ⊆ 𝑄 (𝑠), and, in turn, 𝑄 (𝑠) ∩ 𝜎 ≠ ∅. By definition, 𝑠 ∈ ∪𝜏 (𝐵), hence we have that
𝑄 (𝑠) ∈ 𝜏 (𝐵), and, in turn, that ∪𝜏 (𝐵) ∩ 𝜎 ≠ ∅, which contradicts the definition of𝑈 at line 5. □

Theorem 8.6 (Termination of Algorithm 4). Let 𝐺 , 𝑅𝑖 ∈ PreO(Σ) and 𝜎𝑖 ⊆ post∗ (𝐼 ) be the
input of Algorithm 4. Moreover, let 𝑃bis ∈ Part(Σ) be the bisimulation partition w.r.t. the partition
𝑃𝑖 induced by 𝑅𝑖 . If 𝑃bis has finitely many blocks then the number of iterations of Algorithm 4 is
𝑂 ( |𝑃bis |2).

Proof. It follows from Theorem 8.4 that the partitions 𝑃 and 𝑄 are finite at each iteration, in

particular 𝑃𝑖 contains fewer blocks than 𝑃bis, and at each iteration and for every block 𝐵, the set

𝜏 (𝐵) ⊆ 𝑄 is finite, too. Moreover, Theorem 8.4 shows that each block of 𝑃 or 𝑄 coincides with

the union of some blocks in 𝑃bis. We capture this notion by a function 𝑓 : 𝑄 � ℘(𝑃bis) defined by

𝑓 : 𝐵 ↦→ {𝑋 ∈ 𝑃bis | 𝑋 ⊆ 𝐵}. It turns out that 𝐵 = ∪𝑓 (𝐵), since 𝑃bis ⪯ 𝑄 .

We now show that Algorithm 4 always executes a finite number of Refine iterations. Lemma 8.3

ensures progression at each Refine iteration, meaning that, at each iteration, at least one principal is

refined. We observe that, at each iteration and for each block 𝐵 ∈ 𝑃 , the principal ∪𝜏 (𝐵) coincides
with a subset of 𝑃bis, More precisely, ∪𝜏 (𝐵) = ∪{∪{𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 (𝐵)}}. Therefore, let ∪𝜏 ′ (𝐵′) be
the principal obtained from ∪𝜏 (𝐵) by executing the Refine block. It holds that ∪𝜏 ′ (𝐵′) ⊆ ∪𝜏 (𝐵),
which implies {𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 ′ (𝐵′)} ⊊ {𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 (𝐵)}. This shows that consecutive refinements

of a principal induce a strictly decreasing chain over ℘(𝑃bis). Since 𝑃bis is finite, we conclude that
each block’s principal can be refined at most |𝑃bis | − 1 times. Hence, let 𝑛 be the total number of

Refine iterations executed, we have that 𝑛 is finite and 𝑛 ≤ |𝑃bis | ( |𝑃bis | − 1), since 𝑃 contains fewer

blocks than 𝑃bis.
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Then, we provide a bound to the overall number of Search iterations. We observe, by Lemma 8.5,

that whenever a state 𝑠 is picked at line 9, we have that 𝑃bis (𝑠) ∩ 𝜎 = ∅ holds. Since 𝑠 is added to 𝜎

at line 10, this implies that the number of 𝑃bis blocks intersecting 𝜎 is strictly increasing at each

Search iteration. Therefore, we conclude that no more than |𝑃bis | Search iterations can occur. Hence,

the total number of iterations is bounded by |𝑃bis | ( |𝑃bis | − 1) + |𝑃bis | which gives the 𝑂 ( |𝑃bis |2)
bound on the number of iterations. □

A second termination result holds under a local finiteness condition: Algorithm 4 terminates if

the number of blocks of 𝑃bis contained in 𝑅𝑖 (post∗ (𝐼 )) is finite. This result comes with a quadratic

bound on the number of iterations.

Theorem 8.7 (Alternative Termination of Algorithm 4). Let 𝐺 , 𝑅𝑖 ∈ Part(Σ) and 𝜎𝑖 ⊆
post∗ (𝐼 ) be the input of Algorithm 4 (note that 𝑅𝑖 is a partition). Let 𝑃bis ∈ Part(Σ) be the bisimulation
partition w.r.t. 𝑅𝑖 , and let 𝑇 ≜ {𝑌 ∈ 𝑃bis | 𝑅𝑖 (𝑌 ) ∩ post∗ (𝐼 ) ≠ ∅} ( = {𝑌 ∈ 𝑃bis | 𝑌 ⊆ 𝑅𝑖 (post∗ (𝐼 ))}).
If 𝑇 is finite then the number of iterations of Algorithm 4 is in 𝑂 ( |𝑇 |2).

Proof. The intuition behind the proof is that during execution, block splitting in 𝑃 or 𝑄 , only

occurs for blocks 𝑋 such that 𝑋 ⊆ ∪𝑇 . Then, Theorem 8.4 shows that, since both 𝑃 and 𝑄 are

coarser than 𝑃bis, only a finite number of block splits will occur, since |𝑇 | ∈ N. The remaining part

of the follows the same structure as in Theorem 8.6.

Observe that at any iteration, 𝑅𝑖 is coarser than 𝑃 and 𝑄 , which are themselves coarser than 𝑃bis,

by Theorem 8.4. Formally, 𝑃bis ⪯ 𝑃,𝑄 ⪯ 𝑅𝑖 . As a consequence, we observe that the blocks in𝑇 cover

the same set of states as the reachable blocks of 𝑅𝑖 , that is, ∪𝑇 = ∪{𝑌 ∈ 𝑅𝑖 | 𝑌 ∩ post∗ (𝐼 ) ≠ ∅}. We

first show that, at any iteration and for any block 𝑋 ∈ 𝑃 ∪𝑄 , it holds:

𝑅𝑖 (𝑋 ) ∩ post∗ (𝐼 ) ≠ ∅ ⇒ 𝑋 ⊆ ∪𝑇 . (6)

In fact, for an arbitrary 𝑥 ∈ 𝑋 , we have that 𝑃bis (𝑥) ⊆ 𝑋 ⊆ 𝑅𝑖 (𝑋 ), and since all states in 𝑅𝑖 (𝑋 ),
and therefore in 𝑃bis (𝑥), share the same principal in 𝑅𝑖 (since 𝑅𝑖 is the initial partition), then

𝑅𝑖 (𝑃bis (𝑥)) = 𝑅𝑖 (𝑋 ) holds. Therefore, 𝑅𝑖 (𝑃bis (𝑥)) ∩ post∗ (𝐼 ) ≠ ∅, proving 𝑥 ∈ ∪𝑇 , and 𝑋 ⊆ ∪𝑇 .
Suppose that at some Refine iteration a triple ⟨𝑎, 𝐵,𝐶⟩ is picked. If a block 𝑋 ∈ 𝑃 is split, then

𝐵 = 𝑋 since Refine iterations can only split one block in 𝑃 (that is, 𝐵). By definition of 𝑉 (line 6),

we get ∪𝜏 (𝐵) ∩ 𝜎 ≠ ∅, and, by the invariants ∪𝜏 (𝐵) ⊆ 𝑅𝑖 (𝐵) and 𝜎 ⊆ post∗ (𝐼 ), we have that

𝑅𝑖 (𝐵) ∩ post∗ (𝐼 ) ≠ ∅. Thus, equation (6) guarantees 𝐵 ⊆ ∪𝑇 .
We now define the function 𝑓 as in the proof of Theorem 8.6 and show that Algorithm 4 carries

out finitely many Refine iterations.
We observe that, at initialization and for each block 𝐶 ∈ 𝑅𝑖 , it holds 𝐶 = 𝑅𝑖 (𝐶), since 𝑅𝑖 is a

partition. Moreover, since 𝑃bis ⪯ 𝑄 , we have that, at each iteration, the principal ∪𝜏 (𝐶) for some

𝐶 ∈ 𝑃 coincides with a subset of 𝑃bis. Formally, ∪𝜏 (𝐶) = ∪{∪{𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 (𝐶)}}.
As a consequence, at initialization it holds, for any block 𝐶′ ∈ 𝑅∪𝑇

𝑖 , that ∪{∪{𝑓 (𝑋 ) | 𝑋 ∈
𝜏 (𝐶′)}} = 𝑅𝑖 (𝐶′) = 𝐶′

, since 𝑅𝑖 is a partition and principals and blocks coincide. Therefore, we

have that ∪{𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 (𝐶′)} = 𝑓 (𝐶′), that is, the 𝑃bis blocks contained in 𝐶′
and in its principal

are the same. Finally, since 𝐶′ ⊆ ∪𝑇 (because 𝐶′
is a reachable block in 𝑅𝑖 and is therefore covered

by ∪𝑇 ), it holds that |𝑓 (𝐶′) | ≤ |𝑇 |, which entails |∪{𝑓 (𝑋 ) | 𝑋 ∈ 𝜏 (𝐶′)}| ≤ |𝑇 |. We have thus shown

that the principal w.r.t. 𝑅𝑖 of any block in 𝑅∪𝑇
𝑖 coincides with a subset of 𝑃bis whose size is bounded

by |𝑇 |.
Let, at each iteration, ⟨𝑃, 𝜏,𝑄⟩ be the current 2PR triple, and consider the 2PR triple given by

⟨𝑃bis, 𝜌, 𝑃bis⟩ such that 𝜌 (𝑌 ) = ∪{𝑓 (𝑌 ′) | 𝑌 ′ ∈ 𝜏 (𝑃 (𝑌 ))}. Using 𝑓 and 𝑃bis ⪯ 𝑃,𝑄 , it is routine to

check that 𝑅⟨𝑃,𝜏,𝑄 ⟩ = 𝑅⟨𝑃
bis
,𝜌,𝑃

bis
⟩ .
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Therefore, take any Refine iteration, and let the two 2PR triples ⟨𝑃in, 𝜏in, 𝑄in⟩ and ⟨𝑃out, 𝜏out, 𝑄out⟩
be, respectively, the 2PR triple at the beginning and at the end of the Refine block. Moreover, let

⟨𝑃bis, 𝜌in, 𝑃bis⟩ and ⟨𝑃bis, 𝜌out, 𝑃bis⟩ be the corresponding 2PR triples defined as described above.

Lemma 8.3 shows progress at each Refine iteration, hence we conclude that 𝑅⟨𝑃out,𝜏out,𝑄out ⟩ ⊊
𝑅⟨𝑃in,𝜏in,𝑄in ⟩ . Equivalently, 𝑅⟨𝑃

bis
,𝜌out,𝑃bis ⟩ ⊊ 𝑅⟨𝑃

bis
,𝜌in,𝑃bis ⟩ .

Additionally, since we have shown that at every Refine iteration the chosen block 𝐵 ∈ 𝑃 is such

that 𝐵 ⊆ ∪𝑇 , then we conclude that the algorithm refines the principal w.r.t. 𝑅⟨𝑃
bis
,𝜌in,𝑃bis ⟩ for some

block covered by ∪𝑇 , i.e., that there exists some block 𝐵′ ∈ 𝑇 such that 𝜌out (𝐵′) ⊊ 𝜌in (𝐵′) (this
holds since both sets are in ℘(𝑃bis) and ∪𝜌out (𝐵′) ⊊ ∪𝜌in (𝐵′)).
Since we have shown that the principal w.r.t. 𝑅𝑖 of any block in 𝑅∪𝑇

𝑖 coincides with a subset of

𝑃bis of size bounded by |𝑇 |, then at initialization |𝜌 (𝐵) | ≤ |𝑇 | for all 𝐵 ∈ 𝑇 .

Finally, since at each Refine iteration at least one of the principals in {𝜌 (𝐵) | 𝐵 ∈ 𝑇 } is refined by

removing some of its elements, we conclude that no more than |𝑇 | − 1 refinements can occur to the

principal of each block in 𝑇 . This allows us to conclude that the total number of Refine iterations is
bounded by |𝑇 | ( |𝑇 | − 1).
We now show that each time a state 𝑠 is inserted in 𝜎 at line 10, it holds that 𝑃bis (𝑠) ∈ 𝑇 . In fact,

it holds that 𝑠 ∈ ∪𝜏 (𝐵) ⊆ 𝑅𝑖 (𝐵), and since 𝑠 ∈ post∗ (𝐼 ), then 𝑅𝑖 (𝐵) ∩ post∗ (𝐼 ) ≠ ∅ holds. Therefore,

it follows that 𝑠 ∈ ∪𝑇 , implying 𝑃bis (𝑠) ∈ 𝑇 . Moreover, Lemma 8.5 shows that each time a Search
iteration is executed, the number of blocks in 𝑇 intersecting 𝜎 strictly increases. This entails that

no more than |𝑇 | Search iterations can occur. Finally, the total number of iterations is bounded by

|𝑇 | ( |𝑇 | − 1) + |𝑇 |, which provides the 𝑂 ( |𝑇 |2) bound on the number of iterations. □

We observe that termination of Algorithm 4 can be inferred by taking into account (the number

of) Refine iterations only, i.e., for proving termination of Algorithm 4 Search iterations can be

neglected.

Proposition 8.8. If the number 𝑁 of Refine iterations carried out during a run of Algorithm 4 is
finite, then so is the number of Search iterations. Moreover, if invariantly |𝑈 | ≤𝑚 (at line 5) during a
run, then that run carries out no more than𝑚(𝑁 + 1) Search iterations.

Proof. Let 𝑈𝑘 be the set 𝑈 of line 5 at the 𝑘-th iteration. For each 𝑘 ∈ N, observe that, by

definition, 𝑈𝑘 ⊆ 𝑃 , so that 𝑈𝑘 is finite as 𝑃 is initially finite and finitely many iterations (and

therefore splits) have been executed. Moreover, if the 𝑘-th iteration executes a Search step, then

𝑈𝑘+1 ⊊ 𝑈𝑘 holds. This follows since Search iterations do not update the 2PR triple, and line 10

updates the set𝜎 so as to ensure that the selected block 𝐵 ∈ 𝑈𝑘 is such that 𝐵 ∉ 𝑈𝑘+1. Therefore, since
𝑈 is strictly decreasing in consecutive Search iterations, Algorithm 4 does not execute consecutive

Search iterations forever. In particular, since |𝑈𝑘 | ≤𝑚 at each iteration, no more than𝑚 consecutive

Search iterations take place. Hence, since no more than𝑚 Search iterations take place after each of

the 𝑁 Refine iterations, and, moreover, no more than𝑚 Search iteration take place before the first

Refine iteration, it turns out that no more than𝑚(𝑁 + 1) Search iterations take place overall. □

It follows from Theorem 8.6 that Algorithm 4 terminates on all finite state systems as does

Algorithm 1. However, these two termination results for Algorithm 4 are indeed stronger and

extend to many infinite state systems as well. The use of 2PR triples as a representation structure

brings significant benefits in terms of termination on infinite systems, and, in fact, we observe that

the use of 2PR triples in Algorithm 4 significantly improves termination as there exist many inputs

on which Algorithm 1 does not terminate, while Algorithm 4 does. Below we show one simple

example which illustrates this phenomenon by comparing Algorithm 1 and Algorithm 4.
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Example 8.9. Consider the infinite-state transition system depicted below, with 𝑅𝑖 = N × N. The
simulation preorder 𝑅sim, therefore, is such that 𝑅sim (0) = N, and 𝑅sim (𝑛) = N ∖ {0} for 𝑛 ≥ 1,

meaning that 𝑃sim = {{0},N ∖ {0}}. The single block induced by 𝑅𝑖 is represented as box, and the

dotted line delimits the blocks of 𝑃sim.

0 1 2 3 · · ·

During execution of Algorithm 1 on input 𝑅𝑖 and 𝜎𝑖 = 𝐼 = {1}, the set 𝑈 is empty, since the

state 1 belongs to every principal. On the other hand, the set 𝑉 contains a triple ⟨𝑎, 𝑖, 0⟩ for every
𝑖 ∈ N ∖ {0}. Executing a Refine iteration refines exactly one principal: if ⟨𝑎, 𝑖, 0⟩ ∈ 𝑉 is selected,

then 𝑅(𝑖) is updated to N ∖ {0}. It is easily seen that Algorithm 1 never terminates because 𝑉 is

never emptied, and at each iteration exactly one of them will be removed from 𝑉 . ⋄
On the other hand, Algorithm 4 is able to refine infinitely many principals of the underlying

relation in a single Refine step. To illustrate this, we consider the input from Example 8.9 and show

that Algorithm 4 converges in a few iterations.

Example 8.10. Consider the input of Example 8.9. The initial 2PR is given by 𝑃 =𝑄 = {N} and
𝜏 (N) = {N}. Moreover,𝑈 = ∅ and 𝑉 is {⟨𝑎,N,N⟩}. Executing one iteration refines both 𝑃 , 𝑄 and

𝜏 , so that 𝑃 = 𝑄 = {{0},N ∖ {0}}, 𝜏 ({0}) = 𝑄 , and 𝜏 (N ∖ {0}) = {N ∖ {0}}. At this point, the
underlying relation is such that 𝑅⟨𝑃,𝜏,𝑄 ⟩ = 𝑅sim, and Algorithm 4 terminates. ⋄

8.3 2PR Behaviour in Algorithm 4
It is worth remarking that Algorithm 4 initializes the partitions 𝑃 and 𝑄 of the 2PR triple in such

a way that 𝑃 keeps track of states having the same principal for 𝑅𝑖 , and 𝑄 keeps track of states

occurring in the same set of principals for 𝑅𝑖 . The idea is to start with 𝑃 and𝑄 as coarse as possible.

On the opposite end, 𝑃 and 𝑄 can be initialized with 𝑃 = 𝑄 such that each of their blocks is a

singleton. Algorithm 4 with that initialization remains correct and is not much different from

Algorithm 1 since the relation 𝑅 of Algorithm 1 and 𝜏 of Algorithm 4 are essentially the same.

Coming back to the goal of having 𝑃 and𝑄 as coarse as possible, we show that when Algorithm 4

executes, each refinement of 𝑃 (or 𝑄) can be attributed to a change among states having the same

principal for the current 𝑅⟨𝑃,𝜏,𝑄 ⟩ (or a change among states occurring in the same set of principals

for the current 𝑅⟨𝑃,𝜏,𝑄 ⟩). This is formally stated as follows.

Property 8.11. Let ⟨𝑃, 𝜏,𝑄, 𝜎⟩ be the output of Algorithm 4 with input 𝐺 , 𝑅𝑖 ∈ PreO(Σ) and
𝜎𝑖 ⊆ post∗ (𝐼 ), and assume that the execution terminates after 𝑡 iterations. Moreover, let 𝑥,𝑦 ∈ Σ be

two initially equivalent states (i.e., 𝑅𝑖 (𝑥) = 𝑅𝑖 (𝑦)), and ⟨𝑃 𝑗 , 𝜏 𝑗 , 𝑄 𝑗 ⟩ be the 2PR triple after 𝑗 = 0, . . . , 𝑡

iterations of the algorithm, and 𝑅 𝑗 = 𝑅⟨𝑃 𝑗 ,𝜏 𝑗 ,𝑄 𝑗 ⟩ be the corresponding underlying relation. Then:

𝑃 (𝑥) ≠ 𝑃 (𝑦) ⇒ 𝑅 𝑗 (𝑥) ≠ 𝑅 𝑗 (𝑦) for some 𝑗 ∈ [0, 𝑡] , (2PR.a)

while a dual property for 𝑄 holds:

𝑄 (𝑥) ≠ 𝑄 (𝑦) ⇒ 𝑅−1
𝑗 (𝑥) ≠ 𝑅−1

𝑗 (𝑦) for some 𝑗 ∈ [0, 𝑡] . (2PR.b)

Proof. We show that the following implications hold for any 𝑘 ∈ [0, 𝑡]:(
∀𝑗 ∈ [0, 𝑘] . 𝑅 𝑗 (𝑥) = 𝑅 𝑗 (𝑦)

)
⇒ 𝑃𝑘 (𝑥) = 𝑃𝑘 (𝑦)(

∀𝑗 ∈ [0, 𝑡] . 𝑅−1
𝑗 (𝑥) = 𝑅−1

𝑗 (𝑦)
)
⇒ 𝑄𝑘 (𝑥) =𝑄𝑘 (𝑦)

We proceed by induction on 𝑘 . Assume 𝑘 = 0, then 𝑅𝑖 (𝑥) = 𝑅𝑖 (𝑦) implies 𝑃𝑅𝑖 (𝑥) = 𝑃𝑅𝑖 (𝑦) by
definition of 2PR triples, and since 𝑃𝑅𝑖 = 𝑃0, then 𝑃𝑘 (𝑥) = 𝑃𝑘 (𝑦) holds. Moreover, Property 7.4
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ensures that 𝑃0 = 𝑄0, so that 𝑄𝑘 (𝑥) = 𝑄𝑘 (𝑦) holds. For the inductive case 𝑘 + 1, assume that

𝑃𝑘 (𝑥) = 𝑃𝑘 (𝑦) and 𝑄𝑘 (𝑥) =𝑄𝑘 (𝑦). Suppose, by contradiction, that 𝑃𝑘+1 (𝑥) ≠ 𝑃𝑘+1 (𝑦). Then, this
implies that the 𝑘 + 1-th iteration was a Refine one in which a triple ⟨𝑎, 𝑃𝑘 (𝑥),𝐶⟩ was selected.
Assume that 𝑥 ∈ 𝑃𝑘 (𝑥) ∩ pre𝑎 (𝐶) and 𝑦 ∈ 𝑃𝑘 (𝑥) ∖ pre𝑎 (𝐶), so that, by (8.3), 𝑅𝑘+1 (𝑥) ⊆ 𝑅𝑘 (𝑥). Now
since the Refine block does not update the underlying principal for states in 𝑃𝑘 (𝑥) ∖ pre𝑎 (𝐶), we
get 𝑅𝑘 (𝑦) = 𝑅𝑘+1 (𝑦), and since, by hypothesis, 𝑅𝑘 (𝑥) = 𝑅𝑘 (𝑦), we have that 𝑅𝑘+1 (𝑥) ⊆ 𝑅𝑘+1 (𝑦),
and, consequently, 𝑅𝑘+1 (𝑥) ≠ 𝑅𝑘+1 (𝑦), thus providing a contradiction to the hypothesis 𝑅𝑘+1 (𝑥) =
𝑅𝑘+1 (𝑦), and therefore proving that 𝑃𝑘+1 (𝑥) = 𝑃𝑘+1 (𝑦).
We now prove the dual result on𝑄 . Assume by contradiction that𝑄𝑘+1 (𝑥) ≠ 𝑄𝑘+1 (𝑦). This implies

that the 𝑘 + 1-th iteration was a Refine one in which a triple ⟨𝑎, 𝐵,𝐶⟩ was selected to be stabilized

and 𝑄𝑘 (𝑥) ∈ 𝜏𝑘 (𝐵). Moreover, since 𝑄𝑘 (𝑥) has been split, then both 𝑄𝑘 (𝑥) ∩ pre𝑎 (∪𝜏𝑘 (𝐶)) ≠ ∅
and 𝑄𝑘 (𝑥) ⊈ pre𝑎 (∪𝜏𝑘 (𝐶)) hold. Suppose 𝑄𝑘+1 (𝑥) = 𝑄𝑘 (𝑥) ∩ pre𝑎 (∪𝜏𝑘 (𝐶)) (the case 𝑄𝑘+1 (𝑦) =
𝑄𝑘 (𝑦) ∩ pre𝑎 (∪𝜏𝑘 (𝐶)) is symmetric). Thus, 𝑄𝑘+1 (𝑦) =𝑄𝑘 (𝑦) ∖ pre𝑎 (∪𝜏𝑘 (𝐶)) holds. Consequently,
line 19 will remove 𝑄𝑘+1 (𝑦) from 𝜏𝑘 (𝐵′), while 𝑄𝑘+1 (𝑥) ∈ 𝜏𝑘+1 (𝐵′) will still hold. Thus, let 𝑏 ∈ 𝐵′

,

so that 𝑥 ∈ ∪𝜏𝑘+1 (𝑃𝑘+1 (𝑏)) but 𝑦 ∉ ∪𝜏𝑘+1 (𝑃𝑘+1 (𝑏)). This entails 𝑏 ∈ 𝑅−1
𝑘+1 (𝑥) and 𝑏 ∉ 𝑅−1

𝑘+1 (𝑦),
implying 𝑅−1

𝑘+1 (𝑥) ≠ 𝑅−1
𝑘+1 (𝑦), which gives a contradiction to the hypothesis 𝑅−1

𝑘+1 (𝑥) = 𝑅−1
𝑘+1 (𝑦),

thus proving that 𝑄𝑘+1 (𝑥) =𝑄𝑘+1 (𝑦). Finally, since Algorithm 4 terminates after 𝑡 iterations then

𝑃 = 𝑃𝑡 and 𝑄 =𝑄𝑡 and the following holds:(
∀𝑗 ∈ [0, 𝑡] . 𝑅 𝑗 (𝑥) = 𝑅 𝑗 (𝑦)

)
⇒ 𝑃 (𝑥) = 𝑃 (𝑦)(

∀𝑗 ∈ [0, 𝑡] . 𝑅−1
𝑗 (𝑥) = 𝑅−1

𝑗 (𝑦)
)
⇒ 𝑄 (𝑥) =𝑄 (𝑦)

To conclude, (2PR.a) and (2PR.b) follow from the above results by taking the contrapositive. □

9 Extension to Infinite Transition Systems
In this section we extend the proofs for Theorems 5.3, 6.1 and 8.1 to infinite state systems, that

is, we show how their proofs can be adapted to prove Theorems 5.6, 6.2 and 8.2. Specifically, we

show that the three proofs can be extended under a convergence assumption on the following basic

simulation algorithm Sim, which is a variation of the SchematicSimilarity1 algorithm by Henzinger

et al. [1995].

Algorithm 5: Sim
Input: A transition system𝐺 = (Σ, 𝐼 , 𝐿,�) , a relation 𝑅𝑖 ∈ Rel(Σ) such that 𝑅sim ⊆ 𝑅𝑖 ⊆ 𝑅po

for some preorder 𝑅po, and the simulation preorder 𝑅sim induced by 𝑅po.

1 Rel(Σ) ∋ 𝑅 ≔ 𝑅𝑖 ;

2 while ∃𝑥, 𝑥 ′ ∈Σ, 𝑎 ∈𝐿. 𝑥 𝑎→ 𝑥 ′ ∧ 𝑅(𝑥) ⊈ pre𝑎 (𝑅(𝑥 ′)) do
// Inv1: ∀𝑥 ∈ Σ. 𝑅sim (𝑥) ⊆ 𝑅(𝑥) ⊆ 𝑅𝑖 (𝑥)

3 𝑅(𝑥) ≔ 𝑅(𝑥) ∩ pre𝑎 (𝑅(𝑥 ′));
4 return 𝑅;

More formally, we state Assumption 9.1 as follows:

Assumption 9.1. If 𝑦 ∈ 𝑅𝑖 (𝑥) ∖ 𝑅sim (𝑥) for some 𝑥 ∈ Σ, then there exists an execution (not

necessarily terminating) of the algorithm Sim over input 𝑅𝑖 such that, after a finite number of

iterations, 𝑦 ∉ 𝑅(𝑥) holds.

We observe that Assumption 9.1 is essentially an algorithmic reformulation of the first limit

ordinal convergence requirement in the context of the well-known simulation approximants based

on ordinals, that is, Assumption 9.1 is equivalent to Assumption 5.5. As a consequence, it is
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known that Assumption 9.1 holds for all finitely branching systems [Hofman et al. 2016, paragraph

following Definition 30].

We nowproceed to extend the common structure underlying the proofs of Theorems 5.3, 6.1 and 8.1

to infinite state systems, when Assumption 5.5 (and thus Assumption 9.1) holds, and since the three

proofs follow a common structure, we will comment on them in parallel.

We first note that the only points in the proofs where finiteness of the state space is relied upon

are, respectively, point (iv) of Theorem 5.3, point (iii) of Theorem 6.1 and point (iv) of Theorem 8.1.

Therefore, we show how their common pattern can be generalized to transition systems with

infinitely many states (in the following we refer to the notation used in the respective proofs).

Observe that, if the input transition system is finite, then the execution of Sim over the output

relation 𝑅 is guaranteed to terminate, and correctness of Sim ensures that an iteration it where
some element of S is refined will be eventually reached in finite time, for every execution (regardless

of how nondeterminism is resolved). On the other hand, for transition systems with infinitely

many states, an iteration such as it might not exist, since Sim might not terminate on infinite state

systems and, moreover, nondeterminism might choose to refine principals only if they are not

marked as reachable (that is, 𝑅(𝑥) ∩ 𝜎 = ∅ for Theorem 5.3, �𝑠 ∈ 𝜎. 𝑅(𝑥) = 𝑅(𝑠) for Theorem 6.1,

and ∪𝜏 (𝐵) ∩ 𝜎 = ∅ for Theorem 8.1), and which are, therefore, not included in S. However, we
can use Assumption 9.1 to avoid this situation altogether since, assuming S ≠ ∅ (as we do, by

contradiction, in the proofs), we can pick a principal 𝑅(𝑧) ∈ S and some 𝑧′ ∈ 𝑅(𝑧) ∖ 𝑅sim (𝑧) ≠ ∅
by definition of S. Assumption 9.1 therefore ensures that there exists an execution where Sim
reaches an iteration it1 where 𝑧′ is removed from the principal of 𝑧. Then, let 𝑅1 be the current

relation at iteration it1 + 1 and define S′ = {𝑅(𝑥) | 𝑥 ∈ Σ, 𝑅(𝑥) ∈ S, 𝑅1 (𝑥) ≠ 𝑅(𝑥)} to be the set of

principals which have been refined by Sim up to iteration it1 + 1. We find that S′ is nonempty by

construction since 𝑅(𝑧) ∈ S′, and that 𝑅sim ⊆ 𝑅1 ⊆ 𝑅 following Inv1. The proof then proceeds as

explained in the respective points (iv) of Theorem 5.3, (iii) of Theorem 6.1 and (iv) of Theorem 8.1,

by considering the first principal in S′ to be refined and the corresponding iteration it, allowing us

to get a contradiction, thus proving that S = ∅.

10 Conclusion and Future Work
We introduced and proved the correctness and termination of algorithms for the reachable simula-

tion problem. We showed fundamental differences w.r.t. to the analogous problem for bisimulation

studied by Lee and Yannakakis [1992]. To the best of our knowledge, this is the first investigation

of Lee and Yannakakis’ problem recast to the simulation preorder and partition. Algorithm 4 is the

most relevant one for practical purposes, since this procedure converges on all finite state systems

and is well-suited to handle infinite state systems through its symbolic representation, being able

to converge on some—but not all, due to undecidability—such infinite systems. In particular, we

have shown that Algorithm 4 offers the same termination guarantee as the LY algorithm [Lee and

Yannakakis 1992]. On top of that, our algorithm also terminates under a local finiteness hypothesis,

while LY has no counterpart to such a termination guarantee.

Future work will explore possible domains in which the algorithm can be applied. Choosing a spe-

cific class of implicitly represented systems gives rise to a multitude of questions which are domain

dependent and solving these are crucial to obtain an efficient implementation—note that reachability

analysis is mostly superfluous on explicitly represented systems as they usually do not encode

unreachable states. Orthogonally, further generalizations of our algorithm, for instance, to other

behavioral relations, constitute future research paths. One appealing relation is branching bisimilar-

ity for labeled transition systems or stuttering equivalence for Kripke structures, which have been

proven in [Groote et al. 2017; Jansen et al. 2020] to be symbolically computable in 𝑂 ( |�| log |Σ|)
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time, the same complexity of the renowned Paige-Tarjan bisimulation algorithm [Paige and Tarjan

1987].
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